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Abstract

The six-quark model and the Cabibbo-Kobayashi-Maskawa (CKM) matrix was
first proposed as a “very interesting and elegant” [I—3] mechanism to explain
charge-parity (CP) violation. Half a century later, the model still stands and the

study of flavour-changing processes has become the field of flavour physics.

Precise experimental measurements from charm factories such as CLEO-c and
BESIII and bottom-factories such as Belle, Belle 11, BaBar and LHCb continue
to test the Standard Model and the unitarity of the CKM matrix to ever greater
precision. Hints of potential new physics exist, but to resolve them requires

increased precision in theoretical prediction and experimental results.

This work performs a lattice computation of the matrix elements of exclusive
semileptonic pseudoscalar meson decays involving charm — down (¢ — d) flavour
transitions (fig 1), for which experimental results became available from BESIII
in 2019. From these are extracted the form factors used to parameterise these
hadronic matrix elements. The form factors are determined as a function of ¢?,

over the entire physically allowed kinematic range.

This approach complements the existing literature by performing the computation

entirely with domain wall fermions. The charm action utilised in earlier
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Figure 1 Tree-level semileptonic decay of an initial pseudoscalar Dg meson (with
momentum p;) to a final pseudoscalar K meson (momentum py).
Momentum q = p; — py is transferred to the final-state fv pair.
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RBC/UKQCD studies [!] is employed here, using a stout-smeared [5] Mobius
[0] action. The light and strange quarks are simulated with the Shamir [7—11]

kernel.

The computation is performed on the RBC/UKQCD Ny = 2+ 1 Iwasaki gauge
ensembles with heavier than physical pions and limited statistics. Results are
broadly in agreement with the one published result in the literature, although

there is a mild tension of 30 at one kinematic point.

The form factors have been determined to an accuracy of 1.2-1.5%, with the

result fo (0) = £, (0) = 0.6557(78).

Combining this result with the experimental measurement of |V.4|fy (0) from
BESIII, yields a determination of the matrix element V.4 = 0.247(29)expt (03)theory-
At 1.2%, the relative theory error in this determination of V,; is around 4%><
smaller than the 5.7% relative theory error published by the Particle Data Group

for the semileptonic determination.

The experimental results from BESIII currently have a relative error of 12%. If
the experimental error in the D, — K channel were to be reduced, this could

become the most precise channel for determining |V4|.
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Simultaneous fit to wall separations AT /a 24 and 28 on timeslices
13-16 and 13-20, respectively. The grey band is the matrix element
(K|vs4 (n* =4)|D,) = 0.666(11). Hotelling p-value for the fit is
0.30, with excited-state matrix elements shown in table 3.1.. . . .

Spatial component of mostly nonperturbatively renormalised ratio
Rs vs t, for Dy — K at n? = 4 on ensemble F1M. Simultaneous fit
to wall separations AT /a 20, 24 and 28 on timeslices 12;13, 13-
16 and 16-20, respectively. The grey band is the matrix element
(Kl|y; (n* = 4)|Ds) = 0.1701(41). Hotelling p-value for the fit is
0.57, with excited-state matrix elements shown in table 3.1.. . . .

Temporal component of mostly nonperturbatively renormalised
ratio Ry vs t, for D, — K at n?> = 5 on ensemble F1M.
Simultaneous fit to wall separations AT /a 24 and 28 on timeslices
13-16 and 13-20, respectively. The grey band is the matrix element
(K|ys (n* =5)|Ds) = 0.645(14). Hotelling p-value for the fit is
0.98, with excited-state matrix elements shown in table 3.1.. . . .

Spatial component of mostly nonperturbatively renormalised ratio
Rs vs t, for Dy — K at n? = 5 on ensemble F1M. Simultaneous fit
to wall separations AT /a 20, 24 and 28 on timeslices 12;13, 13-
16 and 16-20, respectively. The grey band is the matrix element
(K| (n? =5)|D,) = 0.1604(56). Hotelling p-value for the fit is
0.89, with excited-state matrix elements shown in table 3.1.. . . .

Temporal component of mostly nonperturbatively renormalised
ratio Ry vs t, for Dy — K at n? = 6 on ensemble F1M.
Simultaneous fit to wall separations AT /a 28 and 32 on timeslices
16-20 and 20-24, respectively. The grey band is the matrix element
(K|ys (n* = 6)|Ds) = 0.613(22). Hotelling p-value for the fit is
0.43, with excited-state matrix elements shown in table 3.1.. . . .

Spatial component of mostly nonperturbatively renormalised ratio
Rs vs t, for D, — K at n? = 6 on ensemble F1IM. Simultaneous
fit to wall separations AT /a 24 and 28 on timeslices 13-16
and 16-20, respectively. The grey band is the matrix element
(K|v; (n* =6)|D,) = 0.1377(77). Hotelling p-value for the fit is
0.99, with excited-state matrix elements shown in table 3.1.. . . .
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3.18

3.19

3.20

3.21

3.22

3.23

Effective mass ameg (t + %) =In C@ (¢ /C’ (t+1) vs t, for 2-
point D, correlation function fit on ensemble Ml Slmultaneous
2-exponential fit to point source on timeslices tp-fit 10-28 and 1-
exponential fit to wall source on timeslices ty-fit 15-28. Hotelling
p-value for the fit is 0.71, with extracted masses am,, and overlap
coefficients A,p, , shown in the table above. Grey band is the fitted
ground-state mass (amyg). Yellow points are the axial data for
reference only (i.e. not included in fit). . . .. .. ... ... ...

Effective energy aEeg = In C® (t+1)/C® (t) vs t, for 2-point
kaon correlation function fit on ensemble M1. Simultaneous 2-
exponential fit to point source correlation functions for all Fourier
momenta on timeslices ¢-fit 6-18 (n? = 0), 6-18:2 (n* = 1), 6-18:2
(n? = 2), 6-16:2 (n* = 3) and 7-19:2 (n? = 4). Hotelling p-value
for the fit is 0.454, with fitted energies aF,, and overlap coefficients
Aopn shown in the table above. . . . . . ..o 00000

Temporal component of mostly nonperturbatively renormalised
ratio Ry vs t, for Dy — K at n? = 0 on ensemble M1. Simultaneous
fit to wall separations AT /a 24, 28 and 32 on timeslices 11-18; 11-
22 and 11-26, respectively. The grey band is the matrix element
(Kl|y4 (n* = 0)|Ds) = 1.0516(93). Hotelling p-value for the fit is
0.555, with excited-state matrix elements shown in table 3.2. . . .

Effective energy aFeg = In C® (¢t +1)/C® (t) vs t, for 2-point
kaon correlation function fit on ensemble M2. Simultaneous 2-
exponential fit to point source correlation functions for all Fourier
momenta on timeslices t-fit 6-20 (n? = 0), 6-9;11-19:2 (n* = 1), 7-
10;12-20:2 (n? = 2), 7-10;12-18:2 (n? = 3) and 6-9;11-15:2 (n? = 4).
Hotelling p-value for the fit is 0.643, with fitted energies aF,, and
overlap coefficients A, ,, shown in the table above. . . . . . . ..

Effective mass ameg (t +3) = In C® (¢) /CP (t + 1) vs ¢, for 2-
point Dy correlation function fit on ensemble M2. Simultaneous
2-exponential fit to point source on timeslices tp-fit 10-26 and 1-
exponential fit to wall source on timeslices ty-fit 19-26. Hotelling
p-value for the fit is 0.078, with extracted masses am,, and overlap
coefficients A, ,, shown in the table above. Grey band is the fitted
ground-state mass (amyg). Yellow points are the axial data for
reference only (i.e. not included in fit). . . .. ... .. ... ...

Temporal component of mostly nonperturbatively renormalised
ratio R3 vs t, for D, — K at n? = 0 on ensemble M2. Simultaneous
fit to wall separations AT /a 24, 28 and 32 on timeslices 11-18, 11-
22 and 11-26, respectively. The grey band is the matrix element
(K|ys (n* = 0)|Ds) = 1.0559(92). Hotelling p-value for the fit is
0.488, with excited-state matrix elements shown in table 3.3. . . .
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3.24

3.25

3.26

3.27

3.28

3.29

Effective energy aEg = In C® (t+1)/C® (t) vs t, for 2-point
kaon correlation function fit on ensemble M3. Simultaneous 2-
exponential fit to point source correlation functions for all Fourier
momenta on timeslices ¢-fit 6-21 (n? = 0), 6-20:2 (n* = 1), 6-18:2
(n? = 2), 7-17:2 (n* = 3) and 7-15:2 (n? = 4). Hotelling p-value
for the fit is 0.68, with fitted energies aF,, and overlap coefficients
Aopn shown in the table above. . . . . . ..o 0000

Effective mass ameg (t + %) =InC@ (¢ /C’ (t+1) vs t, for 2-
point D, correlation function fit on ensemble M3 Slmultaneous
2-exponential fit to point source on timeslices tp-fit 10-24 and 1-
exponential fit to wall source on timeslices tyw-fit 18-24. Hotelling
p-value for the fit is 1.00, with extracted masses am,, and overlap
coefficients A,p, , shown in the table above. Grey band is the fitted
ground-state mass (amyg). Yellow points are the axial data for
reference only (i.e. not included in fit). . . . . ... ... ... ..

Temporal component of mostly nonperturbatively renormalised
ratio Ry vs t, for Dy — K at n? = 0 on ensemble M3. Simultaneous
fit to wall separations AT /a 20, 24 and 28 on timeslices 10-14, 11-
17:2;18 and 11-21:2;22, respectively. The grey band is the matrix
element (K|v4 (n? = 0)|D,) = 1.064(10). Hotelling p-value for the
fit is 0.64, with excited-state matrix elements shown in table 3.4. .

Effective mass ameg (t + %) =InC@ (¢ /C’ (t+1) vst, for 2-
point D, correlation function fit on ensemble Cl Slmultaneous
2-exponential fit to point source on timeslices tp-fit 6-27 and 1-
exponential fit to wall source on timeslices tyw-fit 14-27. Hotelling
p-value for the fit is 0.623, with extracted masses am,, and overlap
coefficients A,p, , shown in the table above. Grey band is the fitted
ground-state mass (amg). Yellow points are the axial data for
reference only (i.e. not included in fit). . . . ... ... ... ...

Effective energy aEeg = In C® (¢t +1)/C® (t) vs t, for 2-point
kaon correlation function fit on ensemble C1. Simultaneous 2-
exponential fit to point source correlation functions for all Fourier
momenta on timeslices ¢-fit 6-23 (n? = 0), 6-23 (n* = 1), 5-20
(n? = 2), 520 (n? = 3) and 5-18 (n* = 4). Hotelling p-value for
the fit is 0.1197, with fitted energies aF, and overlap coefficients
Aopn shown in the table above. . . . ... ..o

Temporal component of mostly nonperturbatively renormalised
ratio Rs vs t, for Dy, — K at n?> = 0 on ensemble C1. Simultaneous
fit to wall separations AT /a 16, 20 and 24 on timeslices 6-11, 6-
14 and 6-18, respectively. The grey band is the matrix element
(K|ys (n* = 0)|Ds) = 1.346(14). Hotelling p-value for the fit is
0.256, with excited-state matrix elements shown in table 3.5. . . .
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3.30

3.31

3.32

4.1

4.2

4.3

4.4

4.5

4.6

Effective energy aEg = In C® (t+1)/C® (t) vs t, for 2-point
kaon correlation function fit on ensemble C2. Simultaneous 2-
exponential fit to point source correlation functions for all Fourier
momenta on timeslices ¢-fit 5-20 (n? = 0), 6-22:2 (n* = 1), 5-19:2
(n? = 2), 6-20:2 (n* = 3) and 5-17:2 (n? = 4). Hotelling p-value
for the fit is 0.474, with fitted energies aF,, and overlap coefficients
Aopn shown in the table above. . . . . . ..o 00000

Effective mass ameg (t + %) =InC@ (¢ /C’ (t+1) vs t, for 2-
point D correlation function fit on ensemble C2 Slmultaneous
2-exponential fit to point source on timeslices tp-fit 8-24 and 1-
exponential fit to wall source on timeslices tyw-fit 13-24. Hotelling
p-value for the fit is 0.429, with extracted masses am,, and overlap
coefficients A,p, , shown in the table above. Grey band is the fitted
ground-state mass (amyg). Yellow points are the axial data for
reference only (i.e. not included in fit). . . .. ... ... ... ..

Temporal component of mostly nonperturbatively renormalised
ratio R3 vs t, for Dy — K at n? = 0 on ensemble C2. Simultaneous
fit to wall separations AT /a 16, 20 and 24 on timeslices 9;10, 10-
13 and 10-17, respectively. The grey band is the matrix element
(Kl|ys (n* = 0)|Ds) = 1.405(16). Hotelling p-value for the fit is
0.37, with excited-state matrix elements shown in table 3.6.. . . .

Ensemble C1 pion mass am, (t + 1) =In C® () /CP (t + 1) vst,
from 1-state fit to point- (left panel) and wall-source (right panel)
pion 2-point correlation functions with point sinks. The grey band
is the fitted effective mass in lattice units am,. The fit includes
around-the-world effects, hence the curvature in both the data and
the fit. am, = 0.19005(57) m, = 339.3(1.4) MeV, Hotelling p-
value = 0.68 . . . . . ...

Ensemble C2 pion mass: am, = 0.24161(59); m, = 431.2(1.6)
MeV; 1-state fit; Hotelling p-value = 0.067; as described in fig 4.1.

Ensemble M1 pion mass: am, = 0.12640(58); m, = 301.2(1.8)
MeV; 1-state fit; Hotelling p-value = 0.305; as described in fig 4.1.

Ensemble M2 pion mass: am, = 0.14991(53); m, = 357.3(1.7)
MeV; 2-state fit; Hotelling p-value = 0.87; as described in fig 4.1.

Ensemble M3 pion mass: am, = 0.17056(59); m, = 406.5(2.0)
MeV; 2-state fit; Hotelling p-value = 0.522; as described in fig 4.1.

Ensemble FIM pion mass: am, = 0.08536(33); m, = 231.2(1.3)
MeV; 2-state fit; Hotelling p-value = 0.376; as described in fig 4.1.
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4.7

4.8

4.9

4.10

4.11

4.12

4.13

4.14

4.15

Correlation matrix of fitted parameters. Parameters names consist
of the form factor (‘f0” for f, or ‘fplus’ for f, ) followed by a hyphen
and the parameter name. . . . . . . . ... ... ...

Data points entering the chiral continuum fit for scalar form factor
fo- The form factor is shown on the vertical axis, with the energy of
the final-state kaon Fx in GeV on the horizontal axis. Statistical
errors only (blue band) are shown for the continuum fit result
(brick red). Coloured, dashed trend lines show fx = f)(font) +

fﬁ"“) for each ensemble. The trend line for the C2 ensemble is
underneath the trend line for the M2 ensemble. The vertical dotted

line indicates Ep .. (ie. qo). -« ..o

Data points entering the chiral continuum fit for vector form factor
f+ (and otherwise as described in figure 4.8). The trend for
ensemble C2 is visible immediately underneath the M2 trend.

Plot of adjusted data points f{ (4.30) — i.e. adjusted by félat) and
with the pole removed (otherwise as described in fig 4.8). These
data points agree very well with the chiral continuum fit. . . . . .

Plot of adjusted data points f| (4.30) —i.e. adjusted by fJ(rlat) and
with the pole removed (otherwise as described in fig 4.8). There is
a moderate increase in tension with the global fit, however there
is still very good agreement. . . . . . ... ... Lo

Relative error ¢ féz) (Ex) (vertical axis, %) (4.33) associated with
each alternate fit choice (z) as a function of final-state kaon energy
Ey (horizontal axis, GeV). The grey band is the statistical error
of the reference fit. Dashed lines indicate alternatives not included
in the final fit systematic uncertainty relative error (see § 4.3). . .

Relative error § ff:) (Ek) (otherwise as described in fig 4.13). . . .

Error budget for form factor f,. Vertical scale shows relative error
(%) for total (grey shading), statistical (blue) and systematic (red)
errors as a function of final-state kaon energy Fy (horizontal axis,
GeV). ¢2.,. and ¢ are indicated by the dashed and dotted vertical
lines respectively. . . . . . . . . ... . L

Error budget for form factor f, (otherwise as described in fig 4.14).
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5.1

5.2

Al

A2

A3

A4

A5

Comparison of the theoretical prediction in this thesis (center) with
the theoretical prediction from Fermilab/MILC [87] (right) and the
experimental result from BESIII [113] (left). The BESIII result is
only available at ¢y and is shown in the bottom panel as the black
data point with grey error band. Results from this thesis are shown
as red data points with pink error bands. Fermilab/MILC results
are the blue data points. Errors bands are total error. . . . . . . .

Summary of lattice predictions for D — mand D — K form factors
from the FLAG 2021 review [114]. . . . . . ... . ... ... ...

Temporal component of mostly nonperturbatively renormalised
ratio Ry vs t, for Dy, — K at n? = 1 on ensemble MI.
Simultaneous fit to wall separations AT /a 24 and 28 on timeslices
8-18 and 8-22, respectively. The grey band is the matrix element
(K|v4 (n?* =1)|D,) = 0.902(12). Hotelling p-value for the fit is
0.230, with excited-state matrix elements shown in table 3.2. . . .

Spatial component of mostly nonperturbatively renormalised ratio
Rs vs t, for D, — K at n? = 1 on ensemble M1. Simultaneous fit
to wall separations AT /a 20, 24 and 28 on timeslices 10-13, 10-
17 and 10-21, respectively. The grey band is the matrix element
(K|v; (n* =1)|Ds) = 0.3363(66). Hotelling p-value for the fit is
0.334, with excited-state matrix elements shown in table 3.2. . . .

Temporal component of mostly nonperturbatively renormalised
ratio R vs t, for Dy — K at n? = 2 on ensemble M1. Simultaneous
fit to wall separations AT /a 24 and 28 on timeslices 10-17
and 10-21, respectively. The grey band is the matrix element
(Kl|ys (n* = 2)|Ds) = 0.801(14). Hotelling p-value for the fit is
0.296, with excited-state matrix elements shown in table 3.2. . . .

Spatial component of mostly nonperturbatively renormalised ratio
Rs vs t, for Dy, — K at n? = 2 on ensemble M1. Simultaneous fit
to wall separations AT /a 20, 24 and 28 on timeslices 10-13, 10-
17 and 10-21, respectively. The grey band is the matrix element
(K|v; (n? = 2)|D,) = 0.2701(59). Hotelling p-value for the fit is
0.58, with excited-state matrix elements shown in table 3.2.. . . .

Temporal component of mostly nonperturbatively renormalised
ratio Ry vs t, for Dy — K at n? = 3 on ensemble M1. Simultaneous
fit to wall separations AT /a 24 and 28 on timeslices 10-17
and 10-21, respectively. The grey band is the matrix element
(Kl|ys (n? = 3)|Ds) = 0.765(25). Hotelling p-value for the fit is
0.169, with excited-state matrix elements shown in table 3.2. . . .
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A.6 Spatial component of mostly nonperturbatively renormalised ratio
Rs vs t, for D, — K at n? = 3 on ensemble M1. Simultanecous
fit to wall separations AT/a 20 and 24 on timeslices 10-13
and 10-17, respectively. The grey band is the matrix element
(K|v; (n* =3)|Ds) = 0.2238(89). Hotelling p-value for the fit is
0.27, with excited-state matrix elements shown in table 3.2.. . . .

A.7 Temporal component of mostly nonperturbatively renormalised
ratio R vs t, for Dy — K at n? = 4 on ensemble M1. Simultaneous
fit to wall separations AT/a 20 and 24 on timeslices 10-13
and 10-17, respectively. The grey band is the matrix element
(K|vs (n? =4)|D,) = 0.691(28). Hotelling p-value for the fit is
1.00, with excited-state matrix elements shown in table 3.2.. . . .

A.8 Spatial component of mostly nonperturbatively renormalised ratio
Rs vs t, for D, — K at n?> = 4 on ensemble M1. Simultaneous
fit to wall separations AT /a 20 and 24 on timeslices 10-13
and 10-17, respectively. The grey band is the matrix element
(K|y; (n* =4)|Ds) = 0.187(10). Hotelling p-value for the fit is
0.35, with excited-state matrix elements shown in table 3.2.. . . .

A.9 Temporal component of mostly nonperturbatively renormalised
ratio Ry vs t, for Dy, — K at n? = 1 on ensemble M2.
Simultaneous fit to wall separations AT'/a 24 and 28 on timeslices
8-18 and 8-22, respectively. The grey band is the matrix element
(K|v4 (n* =1)|Ds) = 0.920(11). Hotelling p-value for the fit is
0.725, with excited-state matrix elements shown in table 3.3. . . .

A.10 Spatial component of mostly nonperturbatively renormalised ratio
Rs vs t, for Dy — K at n? = 1 on ensemble M2. Simultaneous fit
to wall separations AT /a 20, 24 and 28 on timeslices 10-14, 10-
18 and 10-22, respectively. The grey band is the matrix element
(Kl|y; (n* = 1)|Ds) = 0.3298(54). Hotelling p-value for the fit is
0.145, with excited-state matrix elements shown in table 3.3. . . .

A.11 Temporal component of mostly nonperturbatively renormalised
ratio Rs vs t, for D, — K at n? = 2 on ensemble M2. Simultaneous
fit to wall separations AT /a 20 and 24 on timeslices 10-13
and 10-17, respectively. The grey band is the matrix element
(K|v4 (n? =2)|D,) = 0.830(14). Hotelling p-value for the fit is
0.49, with excited-state matrix elements shown in table 3.3.. . . .

A.12 Spatial component of mostly nonperturbatively renormalised ratio
Rs vs t, for D, — K at n? = 2 on ensemble M2. Simultaneous
fit to wall separations AT/a 20 and 24 on timeslices 10-13
and 10-17, respectively. The grey band is the matrix element
(K|v; (n* =2)|Ds) = 0.2527(55). Hotelling p-value for the fit is
0.85, with excited-state matrix elements shown in table 3.3.. . . .
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A.13 Temporal component of mostly nonperturbatively renormalised
ratio R3 vs t, for Dy — K at n? = 3 on ensemble M2. Simultaneous
fit to wall separations AT/a 20 and 24 on timeslices 10-13
and 10-17, respectively. The grey band is the matrix element
(K|v4 (n* =3)|D,) = 0.762(17). Hotelling p-value for the fit is
0.37, with excited-state matrix elements shown in table 3.3.. . . .

A.14 Spatial component of mostly nonperturbatively renormalised ratio
Rs vs t, for Dy — K at n? = 3 on ensemble M2. Simultaneous
fit to wall separations AT/a 20 and 24 on timeslices 10-13
and 10-17, respectively. The grey band is the matrix element
(Kl|y; (n* = 3)|Ds) = 0.2250(75). Hotelling p-value for the fit is
0.60, with excited-state matrix elements shown in table 3.3.. . . .

A.15 Temporal component of mostly nonperturbatively renormalised
ratio R3 vs t, for D, — K at n?> = 4 on ensemble M2.
Simultaneous fit to wall separations AT /a 16 and 20 on timeslices
7-10 and 8-11, respectively. The grey band is the matrix element
(K|ys (n* =4)|Ds) = 0.767(21). Hotelling p-value for the fit is
0.22, with excited-state matrix elements shown in table 3.3.. . . .

A.16 Spatial component of mostly nonperturbatively renormalised ratio
Rs vs t, for D, — K at n? = 4 on ensemble M2. Simultancous
fit to wall separations AT/a 20 and 24 on timeslices 10-13
and 12-17, respectively. The grey band is the matrix element
(K|v; (n* =4)|Ds) = 0.1974(91). Hotelling p-value for the fit is
0.27, with excited-state matrix elements shown in table 3.3.. . . .

A.17 Temporal component of mostly nonperturbatively renormalised
ratio R vs t, for Dy — K at n? = 1 on ensemble M3. Simultaneous
fit to wall separations AT /a 24 and 28 on timeslices 10-16:2;17
and 10-20:2;21, respectively. The grey band is the matrix element
(K|ys (n* =1)|Ds) = 0.915(12). Hotelling p-value for the fit is
0.41, with excited-state matrix elements shown in table 3.4.. . . .

A.18 Spatial component of mostly nonperturbatively renormalised ratio
Rs vs t, for D, — K at n?> = 1 on ensemble M3. Simultaneous
fit to wall separations AT /a 16, 20 and 24 on timeslices 9;10, 10-
14 and 10-18, respectively. The grey band is the matrix element
(K|v; (n* =1)|D,) = 0.3353(54). Hotelling p-value for the fit is
0.53, with excited-state matrix elements shown in table 3.4.. . . .

A.19 Temporal component of mostly nonperturbatively renormalised
ratio Ry vs t, for Dy — K at n? = 2 on ensemble M3. Simultaneous
fit to wall separations AT /a 20, 24 and 28 on timeslices 10-13, 10-
17 and 10-21, respectively. The grey band is the matrix element
(K|v4 (n* =2)|Ds) = 0.834(12). Hotelling p-value for the fit is
0.525, with excited-state matrix elements shown in table 3.4. . . .
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A.20 Spatial component of mostly nonperturbatively renormalised ratio
Rs vs t, for D, — K at n? = 2 on ensemble M3. Simultancous
fit to wall separations AT /a 16, 20 and 24 on timeslices 9;10, 10-
14 and 10-18, respectively. The grey band is the matrix element
(K|v; (n* =2)|Ds) = 0.2752(47). Hotelling p-value for the fit is
0.55, with excited-state matrix elements shown in table 3.4.. . . .

A .21 Temporal component of mostly nonperturbatively renormalised
ratio R vs t, for Dy — K at n? = 3 on ensemble M3. Simultaneous
fit to wall separations AT /a 16, 20 and 24 on timeslices 9;10, 10-
13 and 10-17, respectively. The grey band is the matrix element
(K|v4 (n? = 3)|D,) = 0.782(19). Hotelling p-value for the fit is
0.98, with excited-state matrix elements shown in table 3.4.. . . .

A.22 Spatial component of mostly nonperturbatively renormalised ratio
Rs vs t, for D, — K at n?> = 3 on ensemble M3. Simultaneous
fit to wall separations AT /a 16, 20 and 24 on timeslices 9;10, 10-
14 and 10-18, respectively. The grey band is the matrix element
(K|v; (n* =3)|D,) = 0.2357(64). Hotelling p-value for the fit is
0.70, with excited-state matrix elements shown in table 3.4.. . . .

A.23 Temporal component of mostly nonperturbatively renormalised
ratio Ry vs t, for Dy — K at n? = 4 on ensemble M3. Simultaneous
fit to wall separations AT/a 20 and 24 on timeslices 10-13
and 10-17, respectively. The grey band is the matrix element
(K|v4 (n* =4)|D,) = 0.752(21). Hotelling p-value for the fit is
0.66, with excited-state matrix elements shown in table 3.4.. . . .

A.24 Spatial component of mostly nonperturbatively renormalised ratio
Rs vs t, for Dy — K at n? = 4 on ensemble M3. Simultaneous
fit to wall separations AT /a 16, 20 and 24 on timeslices 9;10, 10-
14 and 10-18, respectively. The grey band is the matrix element
(K|y; (n* = 4)|Ds) = 0.2082(75). Hotelling p-value for the fit is
0.65, with excited-state matrix elements shown in table 3.4.. . . .

A.25 Temporal component of mostly nonperturbatively renormalised
ratio Rs vs t, for Dy — K at n? = 1 on ensemble C1. Simultaneous
fit to wall separations AT /a 16, 20 and 24 on timeslices 8-10, 9-
14 and 10-18, respectively. The grey band is the matrix element
(K|v4 (n?* =1)|D,) = 1.169(14). Hotelling p-value for the fit is
0.246, with excited-state matrix elements shown in table 3.5. . . .

A.26 Spatial component of mostly nonperturbatively renormalised ratio
Rs vs t, for Dy — K at n? = 1 on ensemble C1. Simultaneous
fit to wall separations AT /a 16, 20 and 24 on timeslices 9-11, 9-
15 and 9-19, respectively. The grey band is the matrix element
(K|v; (n* =1)|Ds) = 0.4290(68). Hotelling p-value for the fit is
0.213, with excited-state matrix elements shown in table 3.5. . . .
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A.27 Temporal component of mostly nonperturbatively renormalised
ratio Ry vs t, for D, — K at n?> = 2 on ensemble CI.
Simultaneous fit to wall separations AT /a 16 and 20 on timeslices
6-11 and 6-14, respectively. The grey band is the matrix element
(K|v4 (n* =2)|Ds) = 1.090(16). Hotelling p-value for the fit is
0.42, with excited-state matrix elements shown in table 3.5.. . . .

A28 Spatial component of mostly nonperturbatively renormalised ratio
Rs vs t, for D, — K at n? = 2 on ensemble C1. Simultaneous
fit to wall separations AT /a 16 and 20 on timeslices 8-11
and 9-15, respectively. The grey band is the matrix element
(K|v; (n* =2)|D,) = 0.3475(74). Hotelling p-value for the fit is
0.38, with excited-state matrix elements shown in table 3.5.. . . .

A.29 Temporal component of mostly nonperturbatively renormalised
ratio Ry vs t, for Dy, — K at n> = 3 on ensemble Cl.
Simultaneous fit to wall separations AT /a 16 and 20 on timeslices
6-11 and 6-14, respectively. The grey band is the matrix element
(K|ys (n* = 3)|Ds) = 0.982(22). Hotelling p-value for the fit is
0.62, with excited-state matrix elements shown in table 3.5.. . . .

A.30 Spatial component of mostly nonperturbatively renormalised ratio
Rs vs t, for Dy — K at n? = 3 on ensemble C1. Simultanecous
fit to wall separations AT /a 16, 20 and 24 on timeslices 7-11, 7-
14 and 7-18, respectively. The grey band is the matrix element
(K|v; (n* =3)|Ds) = 0.2976(71). Hotelling p-value for the fit is
0.521, with excited-state matrix elements shown in table 3.5. . . .

A.31 Temporal component of mostly nonperturbatively renormalised
ratio Ry vs t, for D, — K at n®> = 4 on ensemble CI.
Simultaneous fit to wall separations AT /a 16 and 20 on timeslices
6-10 and 6-14, respectively. The grey band is the matrix element
(K|ys (n* = 4)|Ds) = 0.964(35). Hotelling p-value for the fit is
0.49, with excited-state matrix elements shown in table 3.5.. . . .

A.32 Spatial component of mostly nonperturbatively renormalised ratio
Rs vs t, for Dy — K at n? = 4 on ensemble C1. Simultaneous
fit to wall separations AT/a 16 and 20 on timeslices 7-11
and 9-15, respectively. The grey band is the matrix element
(K|y; (n* =4)|Ds) = 0.272(10). Hotelling p-value for the fit is
0.91, with excited-state matrix elements shown in table 3.5.. . . .

A.33 Temporal component of mostly nonperturbatively renormalised
ratio R3 vs t, for Dy — K at n? = 1 on ensemble C2. Simultaneous
fit to wall separations AT/a 20 and 24 on timeslices 10-13
and 10-17, respectively. The grey band is the matrix element
(K|v4 (n* =1)|D,) = 1.214(20). Hotelling p-value for the fit is
0.46, with excited-state matrix elements shown in table 3.6.. . . .

XXV

173

173

174

174

175

175

176



A.34 Spatial component of mostly nonperturbatively renormalised ratio
Rs vs t, for Dy — K at n? = 1 on ensemble C2. Simultanecous
fit to wall separations AT /a 16, 20 and 24 on timeslices 9-11, 9-
15 and 9-19, respectively. The grey band is the matrix element
(K|v; (n* =1)|Ds) = 0.4344(80). Hotelling p-value for the fit is
0.189, with excited-state matrix elements shown in table 3.6. . . .

A.35 Temporal component of mostly nonperturbatively renormalised
ratio Ry vs t, for D, — K at n?> = 2 on ensemble C2.
Simultaneous fit to wall separations AT /a 16 and 20 on timeslices
8-10 and 8-13, respectively. The grey band is the matrix element
(K|v4 (n? =2)|D,) = 1.069(21). Hotelling p-value for the fit is
0.32, with excited-state matrix elements shown in table 3.6. . . . .

A.36 Spatial component of mostly nonperturbatively renormalised ratio
Rs vs t, for Dy — K at n? = 2 on ensemble C2. Simultaneous
fit to wall separations AT /a 16, 20 and 24 on timeslices 8-10, 9-
14 and 9-18, respectively. The grey band is the matrix element
(K|v; (n* =2)|D,) = 0.3599(84). Hotelling p-value for the fit is
0.84, with excited-state matrix elements shown in table 3.6.. . . .

A.37 Temporal component of mostly nonperturbatively renormalised
ratio Ry vs t, for D, — K at n?> = 3 on ensemble C2.
Simultaneous fit to wall separations AT'/a 16 and 20 on timeslices
8-10 and 8-14, respectively. The grey band is the matrix element
(K|v4 (n* =3)|D,) = 1.031(31). Hotelling p-value for the fit is
0.098, with excited-state matrix elements shown in table 3.6. . . .

A.38 Spatial component of mostly nonperturbatively renormalised ratio
Rs vs t, for D, — K at n? = 3 on ensemble C2. Simultaneous
fit to wall separations AT /a 16, 20 and 24 on timeslices 8-10, 9-
14 and 9-18, respectively. The grey band is the matrix element
(Kl|y; (n* = 3)|Ds) = 0.294(12). Hotelling p-value for the fit is
0.78, with excited-state matrix elements shown in table 3.6. . . . .

A.39 Temporal component of mostly nonperturbatively renormalised
ratio Ry vs t, for Dy, — K at n> = 4 on ensemble C2.
Simultaneous fit to wall separations AT /a 16 and 20 on timeslices
9:10 and 9-14, respectively. The grey band is the matrix element
(K|v4 (n? =4)|D,) = 0.955(50). Hotelling p-value for the fit is
0.66, with excited-state matrix elements shown in table 3.6.. . . .

A.40 Spatial component of mostly nonperturbatively renormalised ratio
Rs vs t, for Dy — K at n? = 4 on ensemble C2. Simultaneous
fit to wall separations AT /a 16 and 20 on timeslices 7-11
and 9-14, respectively. The grey band is the matrix element
(K|v; (n* =4)|Ds) = 0.257(13). Hotelling p-value for the fit is
0.145, with excited-state matrix elements shown in table 3.6. . . .
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A .41 Correlation matrix of fitted parameters . . . . . . . . .. ... ..

A.42 Data points entering the chiral continuum fit for scalar form factor
fo. The form factor is shown on the vertical axis, with the energy of
the final-state kaon Ex in GeV on the horizontal axis. Statistical

errors only are shown for the continuum fit result (blue). Coloured,

dashed trend lines show fx = " 4 f{*) for cach ensemble. The

trend line for the C2 ensemble is underneath the trend line for the
M2 ensemble. The vertical dotted line indicates Ey .. (i.e. o). .

A.43 Data points entering the chiral continuum fit for vector form factor
f+ (and otherwise as described in figure A.42). The trend line for
ensemble C2 is visible immediately underneath the trend line for

A.44 Plot of adjusted data points f§ (4.30) — i.e. adjusted by félat) and
with the pole removed — and otherwise as described in fig A.42.
These data points agree very well with the chiral continuum fit.

A.45 Plot of adjusted data points f’ (4.30) —i.e. adjusted by fﬂat) and
with the pole removed — and otherwise as described in fig A.42.
There is a moderate increase in tension with the global fit, however
there is still very good agreement. . . . . . . .. ... ...

A .46 Relative error ¢ féx) (Ek) (vertical axis, %) (4.33) associated with
each alternate fit choice (z) as a function of final-state kaon energy
Ex (horizontal axis, GeV). The grey band is the statistical error
of the reference fit. Dashed lines indicate alternatives not included
in the final fit systematic uncertainty relative error (see § 4.3). . .

A A7 Relative error 6 f\") (Ex) (otherwise as described in fig A.47). . . .

A .48 Error budget for form factor fy. Vertical scale shows relative error
(%) for total (grey shading), statistical (blue) and systematic (red)
errors as a function of final-state kaon energy F (horizontal axis,
GeV). ¢, and qo are indicated by the dashed and dotted vertical
lines respectively. . . . . . . . ... L

182

183

184

185

185

A.49 Error budget for form factor f, (otherwise as described in fig A.48).186

A.50 Correlation matrix of fitted parameters for comparison with fig 4.7
(and as described there). The sub matrix excluding coefficients
f+n appears relatively unchanged, however there are strong
correlations amongst for factor f, parameters cp and e,. . . . . .
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A.51 Data points entering the chiral continuum fit for scalar form factor
fo. The form factor is shown on the vertical axis, with the energy of
the final-state kaon Fx in GeV on the horizontal axis. Statistical

errors only are shown for the continuum fit result (blue). Coloured,

dashed trend lines show fx = f)((cont)—l— Qat) for each ensemble. The

trend line for the C2 ensemble is visible slightly above the trend
line for the M2 ensemble. The vertical dotted line indicates E%

K,max

(1. Qo) - - v o o

A.52 Data points entering the chiral continuum fit for vector form factor
f+ (and otherwise as described in figure A.51). . . . . .. ... ..

A.53 Plot of adjusted data points f§ (4.30) — i.e. adjusted by félat) and
with the pole removed — and otherwise as described in fig A.51.
These data points agree very well with the chiral continuum fit.

A.54 Plot of adjusted data points f’ (4.30) —i.e. adjusted by fJ(rlat) and
with the pole removed — and otherwise as described in fig A.51.
There is a moderate increase in tension with the global fit, however
there is still very good agreement. . . . . . . . ... ... ... ..

A.55 Relative error 5féx) (Ex) (vertical axis, %) (4.33) associated with
each alternate fit choice () as a function of final-state kaon energy
Ex (horizontal axis, GeV). The grey band is the statistical error
of the reference fit. Dashed lines indicate alternatives not included
in the final fit systematic uncertainty relative error (see § 4.3). . .

A.56 Relative error 0 ff) (Ek) (otherwise as described in fig A.56). . . .

A.57 Error budget for form factor fy. Vertical scale shows relative error
(%) for total (grey shading), statistical (blue) and systematic (red)
errors as a function of final-state kaon energy Ef (horizontal axis,
GeV). ¢2,, and qo are indicated by the dashed and dotted vertical
lines respectively. . . . . . . . ... L

191

192

192

A.58 Error budget for form factor f, (otherwise as described in fig A.57).194

A.59 Ground state kaon energies (masses) extracted from simultaneous
fits to point- and wall-source correlation functions at each integer
lattice momentum n? for a range of fit times on ensemble F1M.
Lattice and continuum dispersion relations plotted per § A.8. . . .

A.60 First excited-state kaon energies extracted from simultaneous fits
to point- and wall-source correlation functions at each integer
lattice momentum n? for a range of fit times on ensemble F1M.
Lattice and continuum dispersion relations plotted per § A.8. . . .
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A.61 Ground state kaon energies (masses) extracted from simultaneous
fits to point- and wall-source correlation functions at each integer
lattice momentum n? for a range of fit times on ensemble M1.
Lattice and continuum dispersion relations plotted per § A.8. . . .

A.62 First excited-state kaon energies extracted from simultaneous fits
to point- and wall-source correlation functions at each integer
lattice momentum n? for a range of fit times on ensemble M1.
Lattice and continuum dispersion relations plotted per § A.8. . . .

A.63 Ground state kaon energies (masses) extracted from simultaneous
fits to point- and wall-source correlation functions at each integer
lattice momentum n? for a range of fit times on ensemble M2.
Lattice and continuum dispersion relations plotted per § A.8. . . .

A.64 First excited-state kaon energies extracted from simultaneous fits
to point- and wall-source correlation functions at each integer
lattice momentum n? for a range of fit times on ensemble M2.
Lattice and continuum dispersion relations plotted per § A.8. . . .

A.65 Ground state kaon energies (masses) extracted from simultaneous
fits to point- and wall-source correlation functions at each integer
lattice momentum n? for a range of fit times on ensemble M3.
Lattice and continuum dispersion relations plotted per § A.8. . . .

A.66 First excited-state kaon energies extracted from simultaneous fits
to point- and wall-source correlation functions at each integer
lattice momentum n? for a range of fit times on ensemble MS3.
Lattice and continuum dispersion relations plotted per § A.8. . . .

A.67 Ground state kaon energies (masses) extracted from simultaneous
fits to point- and wall-source correlation functions at each integer
lattice momentum n? for a range of fit times on ensemble C1.
Lattice and continuum dispersion relations plotted per § A.8. . . .

A.68 First excited-state kaon energies extracted from simultaneous fits
to point- and wall-source correlation functions at each integer
lattice momentum n? for a range of fit times on ensemble C1.
Lattice and continuum dispersion relations plotted per § A.8. . . .

A.69 Ground state kaon energies (masses) extracted from simultaneous
fits to point- and wall-source correlation functions at each integer
lattice momentum n? for a range of fit times on ensemble C2.
Lattice and continuum dispersion relations plotted per § A.8. . . .

A.70 First excited-state kaon energies extracted from simultaneous fits
to point- and wall-source correlation functions at each integer
lattice momentum n? for a range of fit times on ensemble C2.
Lattice and continuum dispersion relations plotted per § A.8. . . .
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A.71 Ensemble M1, heavy action, (2.95) Zyu, = 0.9964(80) from decay
of heavy quark with strange spectator, wall separation AT /a = 24.207

A.72 Ensemble M2, heavy action, (2.95) Zy, = 1.0211(82) from decay
of heavy quark with strange spectator, wall separation AT /a = 24.207

A.73 Ensemble M3, heavy action, (2.95) Zy,, = 1.0022(96) from decay
of heavy quark with strange spectator, wall separation AT /a = 24.207
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fx (%) is shown with statistical errors in brackets. The 6% column
shows the relative statistical error expressed as a percentage. . . .

A.10 Fit characteristics for alternate fits: test statistic t?; degrees of
freedom v; test statistic per degree of freedom t2; Hotelling p-value
p-H; fo(0) = £ (0); fo(¢2..); and fy (¢2,,) — i.e. form factors at
qo and ¢2,.. The test statistic is above the a = 0.05 significance
level in all cases except (g) which is marginal due to the greatly
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A.11 Stability of the Dy fit at zero momentum on the F1M ensemble over
a range of fit start and stop times for the point-source correlation
function while keeping the wall-source correlation function fit times
constant. Columns are described in the text above this figure.

A.12 Stability of the Dy fit at zero momentum on the F1M ensemble over
a range of fit start and stop times for the wall-source correlation
function while keeping the point-source correlation function fit
times constant. Columns are described in the text above fig A.11.

A.13 Alternative mostly non-perturbative renormalisation results for
medium ensembles. The heavy action is extracted using a light
spectator and a wall separation AT /a = 20. This is a repeat of
table 4.7 (and is described there) for comparison with table A.14.

A.14 Reference mostly non-perturbative renormalisation results for all
ensembles. This is a repeat of table 2.12 (and is described there)
for comparison with table A.13. . . . . . .. .. ... ... ....
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Chapter 1

Introduction

This thesis performs an ab initio computation of the form factors for semileptonic
decays of D, mesons to kaons within the Standard Model. The computation
is performed using lattice field theory at several lattice spacings followed by
a chiral continuum extrapolation to make contact with current experimental
results, which may help to test the unitarity of the Cabbibo-Kobayashi-Maskawa
(CKM) [2, 3] matrix.

This chapter introduces the theory necessary to understand this computation of
the form factors for the semileptonic meson decay D, — K and is structured as

follows:

1. Relevant sectors of the standard model in the continuum in Minkowski

space.
2. Lattice Quantum Chromodynamics.

3. Lattice techniques used specifically for this computation.

Item 1 is performed in Minkowski space (‘in the continuum’), with a mostly ‘-’
metric g, = ¢" = diag(l,—1,—1,—1). All other sections, except as noted,
are performed in FEuclidean space in discrete spacetime (‘on the lattice’). The
Einstein summation convention is used throughout (except where summations

are explicitly shown).



1.1 The Standard Model

This section introduces sectors of the Standard Model of particle physics relevant
to the description of semileptonic meson decays [13]. For details, the reader is

referred to textbooks such as [11-19].

1.1.1 The Standard Model

The Standard Model (SM) is widely accepted as the best current model for
the strong and electroweak interactions observed in the physical universe. It
is tractable for computations and precise, with the difference between the SM
theoretical prediction of the anomalous magnetic moment of the muon differing

from its experimentally measured value by less than 3 parts per million [20)].

However, the SM is clearly incomplete as it does not describe phenomena such as
gravity, dark matter or neutrino oscillations. The SM is generally understood to
be an effective field theory, valid to some upper scale, at least 1 TeV, and possibly
much higher, up to the scale of Grand Unified Theories (GUT) [21-24].

three generations of matter interactions / force carriers
(fermions) (bosons)
| I 1]
mass | =2.2 MeV/c? =1.28 GeV/c? =173.1 GeVi/c? 0 =124.97 GeV/c?
charge | % % % 0 0
spin | % U A C Y2 t 1 9 0 H

up charm top gluon higgs

=4.7 MeV/c? =96 MeV/c? ~4.18 GeV/c? 0

% - -% 0

down strange bottom photon

=0.511 MeV/c? ~105.66 MeV/c? =1.7768 GeV/c? =91.19 GeVi/c?
-1 -1 -1 0
1

electron muon tau Z boson

i

<1.0 eV/c* <0.17 MeV/c* <18.2 MeV/c? =80.360 GeV/c*
0 0 0 +1

*/zve %Vu '/ZVT 1

electron muon tau
neutrino neutrino neutrino

=

W boson

Figure 1.1 Standard model particle content. Brown loops indicate which bosons
(red) couple to which fermions (purple and green). Masses in this
graphic were correct as of 2019 — see [25] for current values. Image
and description courtesy of [20].



The SM is a gauge theory with gauge group

SUB)c®@SUR2)L,®U(1)y, (1.1)

where ‘U’ and ‘SU’ are the unitary and special unitary groups respectively, ‘C’
stands for colour, ‘L’ for left-handed and ‘Y’ for weak hypercharge. The particle
content of the SM is shown in fig 1.1.

SU(3)c is the gauge group of Quantum Chromodynamics (QCD) (see § 1.1.2).
SU(2)L, ® U(1)y is the gauge group of the electroweak sector (see § 1.1.3).

The Higgs mechanism spontaneously breaks the symmetry group

(where "EM’ denotes electromagnetism). As the Higgs mechanism is not directly
relevant to the main work of this thesis, it is not presented in detail. In brief, the

main features are:

1. The electroweak gauge bosons corresponding to SU(2), ® U(1)y have no
mass term in the Lagrangian (or they would not obey the gauge rotation

symmetries).

2. The Higgs field is a complex scalar field — not shown in equation (1.1) —

that interacts with fermions, electroweak gauge bosons and itself.

3. While the Higgs potential is azimuthally symmetric, the degenerate ground
state does not respect this overall symmetry — we say the symmetry has

been spontaneously broken.

4. When we replace the Higgs field with its vacuum expectation value (VEV),
v = 125.25(17) GeV [25], the interaction terms in the Lagrangian, which

are otherwise quadratic in the fields, become mass terms.

5. This gives mass to the fermions and, when rotated to the right basis, also
gives mass to the W and Z bosons seen in nature, with the Higgs Nambu-
Goldstone degrees of freedom appearing as the longitudinal component of
the W#* and Z.

6. The U(1)gy symmetry remaining after spontaneous symmetry breaking

(SSB) is associated with the massless photon of electromagnetism.



1.1.2 Quantum Chromodynamics

Ne’eman [27] and Gell-Mann [28] independently proposed a model for pseudo-
scalar mesons' and spin 1/2 baryons based on SU(3) symmetry — which, in a
nod to Buddhism, Gell-Mann termed the Eightfold Way. In 1964, Gell-Mann
proposed an SU(3) quark ? model [29], as did Zweig [30, 31]°. The theory was
extended by others such as Fritzch and Leutwyler [32] and, by 1973, Quantum

Chromodynamics existed in the form used today.

QCD is a non-abelian theory of particles charged under the gauge group SU(3)c:

e Quarks: massive spin 1/2 fermions in the fundamental representation.

e Gluons: massless spin 1 gauge bosons in the adjoint representation. Being

a non-abelian theory, the gluons self-interact.
The QCD Lagrangian

'CQCD = 'CDirac + LGauge (13)
has a Dirac component for the Ny = 6 flavours of quark: w ‘up’; d ‘down’; c
‘charm’; s ‘strange’; ¢ ‘top’; b ‘bottom’:
Nf 3 ‘
Lbirac :Z 2770} (1E_mf)”¢;a (14)
f=11i,j=1
where ) = v D,, and the covariant derivative D is the colour matrix

(Du)ij = 0u0ij + igAZTZ- ’ (1.5)
and 0=D,y5+75D,. (1.6)

The gauge component of the Lagrangian with coupling ¢ is

8
1 1
£Gauge = _Z Z GZyGa“V = _5 tr (GMVGHV) ) (17)
a=1
G/au/ = aMA?/ - aVAZ - gfabcAZAi ) (18)
G =G,,T°, (1.9)

!Quark bilinears defined by equation (1.92) and table 1.3.
2The term quark comes from James Joyce’s Finnegan’s Wake.
3Zweig called quarks aces and predicted exotic states today known as pentaquarks.



using the Generators T;, and structure constants fu. for SU(3)
[TaaTb] - ifabcizjc- (110)

For a local rotation of the gauge symmetry € (z) € SU(3), the quark and gluon
fields ¥ and A transform as

Y (z) = ' (2) = Q(z) ¥ (2) (1.11)
A (x) = A" (z) = Q(x) {AZ ()T — ;E)H] Qf (z) . (1.12)

Chiral symmetry

Massless fermions can be projected to left- and right-handed chiral components
Yr, and ¥R

. 1
V=Y, +Yr =P+ PRy, with PL/R:§(1:F75>7 (1.13)

whereby the left and right chiralities decouple in Lpja. such that
ViDY = YLi Py + Yri Dyr . (1.14)

The massless Lagrangian is invariant under independent flavour rotations of the
left and right chiralities, U (Ny); ® U (Ny)g

2/)L —U (Nf)L "QZJL and ’LbR —U (Nf)R '(bR. (115)

The Lagrangian is invariant under vector transformations involving U (Ny)
generators \; (where \; :i € 1... N7 —1 are the SU (Ny) generators and Ag o< 1)

Y — el and ) — e 1Ny (1.16)
The Lagrangian is also invariant under the chiral or axial transformations
P — e iy and ) — e 1Ay (1.17)

It can be shown that the measure used in the fermion determinant (§ 1.2.2) is not
invariant under chiral transformations involving \o. After this chiral anomaly,
the residual chiral symmetries of the massless theory are SU (Ny), ® SU (Ny)g ®

Uy (1) (where Uy (1) denotes the vector transformation with generator \).



1.1.3 Electroweak sector

The electroweak sector of the SM, quantum flavour dynamics, or Glashow-Salam-
Weinberg (GSW) theory [33, 34], took its modern form in the early 1970s.

Before spontaneous symmetry breaking (SSB), we follow GSW and start by
writing a gauge theory of fermions charged under the direct product SU(2);, ®
U (1), where the massless gauge bosons of the two groups are as described in

table 1.1 and the gauge sector of the electroweak Lagrangian Lgyy is

1o ,
'Cgauge - _ZWIiVW]M - ZBMVBM 5 (118)
with
Wi, =0,W) —o,Wi —ge/MWiw!,  je{1,2,3} (1.19)
B, =0,B,—0,B,. (1.20)
Name Charge Boson Generators Coupling
Weak isospin SU@2L W), Te{T, 1*T°} g
Weak hypercharge U (1)y B Y g

Table 1.1 Massless spin 1 bosons of the electroweak sector (before spontaneous
symmetry breaking).  The U (1)y is abelian so the generators
commute, i.e. [T,Y].

All fermions have weak hypercharge, but it is only the left handed fermions
which are charged under SU(2)y,, existing as left-handed lepton-neutrino pairs in
the fundamental representation. There are no right handed neutrinos and right
handed leptons are singlets. The particle content, their charges and quantum
numbers are summarised in table 1.2 and, for down-type quarks, the electroweak
eigenstates (dashed) are not the mass eigenstates (undashed), but rather are
related via the CKM matrix V:

d d
S =V 5/ . (121)
b v



1
2 o | Vy vy 11 3 0
e} i ) ) 2 2
+ _1 _1
) /v \"/u \7T/L 2
—
€; = €R, UR; TR 0 -1 0 -1
1 2
w0 1T ) Y 2 6
—~4 d / y 1 1
— S
g L L L 2 3
C wu; = ug,cr,tr 0 2 0 2
! / / 1 1
d; = dg, sg, br 0 —5 0 -3

Table 1.2 Fermion quantum numbers under SU(2), @ U (1)y. T and Y are the
weak 1sospin and weak hypercharge generators described in table 1.1.
T3 is the third component of weak isospin and Q is electric charge.
The index i € {1,2,3} runs over the three generations of fermions.

The fermion sector of the electroweak Lagrangian Lgw (where Ng = 3 is the

number of colours and N, = 3 is the number of fermion generations) is

Ng B Nc 5 .
ﬁfermion = Z (zzllpLz + eiilpei + Z (chlezc + uzcllpuzc + d/fllpd/:>> )
i=1 c=1
(1.22)
where the left- and right-handed covariant derivatives are
D=19,+ ig%WM +ig'VB,1 (1.23)
D=0,+igYB,. (1.24)

After SSB, the gauge bosons acquire mass via the Higgs mechanism and mix.
Rotating to the physical mass eigenstate basis seen in nature, the neutral vector

boson Z,, and the photon A, arise as the mixing

Zy\  |[cosby —sinby wi (1.25)
A, sinfw  cosbw B, 7
where
/
sinfy = —3— . (1.26)



A, is massless and the Z, mass mz = vy/¢? + 9’2/2 ~ 91.1876(21) GeV [25].

The physical WJ and W~ are the linear combinations
+ ol o2
Wr=W,FiW;, (1.27)
with mass my+ = gv/2 ~ 80.377(12) GeV [27].

The Feynman rules needed for this thesis are shown in fig 1.2 (the expression
for the full Lagrangian rotated to the physical mass basis can be found in many
textbooks).

67 dd
B i 1 leptons
. quarks

Ve, qu

67 qd
. 1 leptons

W;j_ 2\/g /YM (]‘_75> X

Vg quarks

Ve, Qu,

 —gpr e
U A~AA~AAA~AAA l(qg_MQﬁig)

Figure 1.2 Feynman rules required for this thesis: the Wﬂi—fermion vertices;
and the Wj propagator (given in unitary gauge, with M = My, the
mass of the Wui)

1.1.4 4-fermion interaction and the Fermi constant

This thesis concerns the electroweak, semileptonic decay of a quark to a lepton-
neutrino pair via a charged current, mediated by the let charged vector boson,

such as that shown in fig 1.3.



qu p3\‘ Ve

Figure 1.3 Semileptonic decay of an up quark to a down quark and an
antilepton-neutrino pair via a charged current, mediated by the W;‘
charged vector boson. q = p1 — po is the momentum transferred to
the final-state lepton pair.

Using the Feynman rules (§ 1.1.3) and P, = (1 — ~5)/2 from (1.13), the amplitude
i M for this decay is written

v I
M = 03 D, P )3 (o ) i, P )
iM=ua — ud Uy | —" ] a, —~, P .
d \P2 \/§% LVud Y4 qQ_M%V+15 o \P3 \/57 LUz \P4
(1.28)
However, for energies much lower than the mass of the Wj,
q=p1—p2 < My, (1.29)

in which case subleading ¢ terms in the propagator can be ignored yielding

Gr

IM=—iV,y Nk (P2) Y (1 = 75) wy (p1) Uy, (p3) V" (1 —v5) ve (pa) . (1.30)

where the Fermi constant Gy is defined for this coupling

G 2 1
ZF_ 9_2 - (1.31)
V2 o 8ME 2w
Thus, for low energies, po —p; < My, the point-like, 4-fermion interaction shown
in fig 1.4 is a useful approximation for the full semileptonic decay mediated by

the Wf shown in fig 1.3.



p

Qu > Vy

4!

s ‘,Jy\

qd

Figure 1.4 At low energy (p1 —p2 < M) the point-like, 4-fermion interaction,
with coupling GF/\/§ and decay amplitude (1.30), is a wvalid
approximation of the full semileptonic decay shown in fig 1.5.

1.1.5 Semileptonic decays and their form factors

Figure 1.5 considers semileptonic decays with bound pseudoscalar mesons (see

§ 1.3.2) in the initial and final states (rather than quarks as shown in fig 1.3).

l

Figure 1.5 Semileptonic decay of a pseudoscalar Ds meson to a kaon and an
antilepton-neutrino pair via a charged current, mediated by the WJ .

Fig 1.5 factorises into a leptonic current

LF =1, (p3) v (1 — 75) ve (pa) (1.32)

and a hadronic matrix element H,, for the Dy — K decay

H, = (K (p2)|7"1Ds (p1)) (1.33)

10



where J,Sps) is the charged vector current mediating the pseudoscalar decay. We
do not write the continuum form of J,Sp *) because the methods described later in

this thesis are used to perform a nonperturbative lattice computation of H,.

The amplitude for fig 1.5 is then

_ig2 —gh + L&
. 1g M,
G
~ —i -2V, H,L". (1.35)

Given the pseudoscalar initial and final states described by H,,, the degrees of
freedom of the problem are the meson masses and their momenta. We follow
the usual practice [35-37] of parameterising the matrix element H, into form
factors, i.e. energy-dependent functions which encapsulate all of the complex
QCD behaviour associated with the pseudoscalar meson bound states and their

decays, as follows

H, = f(¢°) [(pl +12), — (m%—;m%{) qﬂ} + fo (¢°) (m%—;m%{) Gy »
(1.36)

where mp, and mg are the masses of the Dy meson and kaon respectively.

This parameterisation, in the helicity basis, was first proposed by Martinelli,
Sachrajda et al in 1989 [38] who note “that we only need to compute matrix
elements of the vector current, since the matrix element of the axial component

of the V-A weak current between two pseudoscalar states is zero.”

We return to this in more detail in § 1.4.3.

11



1.2 QCD on the lattice

This section provides an introduction to Lattice QCD in the specific context of
the semileptonic meson decay form factors computed in this thesis. For more

detail, the reader is referred to texts such as [39-11].

1.2.1 Euclidean space

In lattice QCD, Minkowski space is Wick rotated to Euclidean space (the
subscript ‘4’ distinguishes the temporal component of Euclidean spacetime from

Minkowskian spacetime)

The gamma algebra changes from Minkowskian {7,§M>, fy,SM)} = 2g,, to

{7#7’71/} = 2(5“,/1, (138)

where

_17/(LM)7 M€{1,2,3}

M
%", p=4

T = (1.39)

Spacetime is discretised, acting as the ultraviolet and infrared regulator in the
theory, with Minkowskian spacetime integrals becoming sums over all lattice sites

(where |A| denotes the number of lattice sites)

/ dis = a'y, (1.40)

Al

where the anisotropic lattices used in this thesis have a spatial length L and
temporal extent T, set by the lattice scale a and the integer number of lattice

sites in each dimension NV,

y M
g T
w M

=1,2,3
. (1.41)

=4

)

12



1.2.2 Lattice path integrals

In Euclidean space, fermion fields 1 (m)g remain Grassman valued and live on
the lattice sites as spin-colour vectors. Gluon fields U, (z), however, now live on
the links between lattice sites, taking different values in each direction as SU(3)
matrices in the fundamental representation. Detailed descriptions of fermion

actions are deferred to § 1.2.4 and gauge actions to § 1.2.3.

The lattice action is real valued and positive definite such that the path integral
is now well defined. The action is separated into the gauge action Sg and the
fermion action Sy because the path integrals are performed separately in real

simulations.

Vacuum expectation values for observables O are calculated as

©) = [Pl [Dy.3]eSlelo [v,5.0],

(1.42)
where Z is the partition function
7= / D [U] e 56Ul / D [ih, ] e S 0] (1.43)
The fermionic and gluonic measures are
D[v,9] = [T [T 0¥ (n)adg?” (n)a (1.44)
ne|A| froc
4
DUl =[] [[d4U. (), (1.45)
ne|A| p=1
where dU is the Haar measure for SU(3).
The Mathews Salam formula [12] gives the fermionic partition function
Zp = / D [ih, ] e 720 = det [~ D] | (1.46)

where the final result in terms of the Dirac matrix is the fermion determinant.

13



Wick’s theorem allows the computation of fermionic expectation values () on

each gauge field as the sum of all permutations of orderings of fermionic fields

<¢i11;j1 s @Z}an_)]n>p = (_1)” Z sgn (perm) D;elrml cee D;elrmn : (147)

perms
The expectation value (O) then becomes

(0) = % / D[U)e %Wz (0), . (1.48)
It is not possible to sample the full space of gauge configurations. Instead,
e~ SclUl+InZr g treated as a likelihood and importance is sampled using Monte
Carlo techniques [13] to produce an ensemble of N high importance (i.e. very
likely) gauge configurations. It is the inclusion of the fermion determinant in the
importance sampling that gives rise to nomenclature such as ‘2+ 1’ for the gauge
ensembles used in this thesis (which have two degenerate light quarks plus the

strange quark included in the ensemble weights).

For this thesis, the ensembles are taken as given. For the observables of
interest, fermionic expectation values (), ,n € {1... N } are computed for each
configuration n of the gauge fields, which are then averaged to arrive at the

gauge-averaged expectation value (O)

1 N

0) = %> (O, - (1.49)

n=1

1.2.3 Lattice gauge actions

Gluon fields U, (z) (‘link variables’ or ‘gauge transporters’) live on the links
between lattice sites, taking different values in each direction as SU(3) matrices
in the fundamental representation. For a local gauge rotation Q) (z) € SU(3), the

gauge fields transform as
Uy, (z) > U, (2) = Q(x) Uy (2) Q(z + )" . (1.50)
For notational convenience, we define

Uy (@) = Uz — ) (1.51)

14



Given the gauge transformation properties, the trace of any path-ordered product
of link variables around a closed loop is gauge invariant. The shortest possible

closed loop is the Plaquette
U (@) = Uy (2) U, (0 + ) Uy (& 4+ i+ ) U, (24 9) (1.52)

Wilson [11] used the Plaquette to define the first lattice gauge action

Sa[Uly = % > Retr[1— U, (2)], (1.53)

T, u<v

which he showed approached the continuum form up to terms O(a?)

S [Uly = 2@_;2 > tr[Fu (2)*] + O(a”) . (1.54)

€T,V

The gauge ensembles used in this thesis use the Iwasaki gauge action [15, 40]

SG [U]I

S [U]; = § ((1 — 8¢y) Z Re{trU,, (z)} + 1 Z Re {tr R, (x)}) (1.55)

z,u<v z,uFY

with ¢ = —0.331 and 3 ~ 1/¢3, where g is the bare gauge coupling. R, () is

the closed rectangular loop
R (2) = U, (2) U, (z + @) U, (z + ju+ 1) (1.56)
U (z+fi+20)+ Uy (x+20)U_p (z + D) . (1.57)
1.2.4 Lattice fermion actions and the Dirac operator

For a local gauge rotation Q (z) € SU(3), fermion fields ¢ (z) transform as

b () = ¢ (1) = Q@) ¥ () (1.58)

Combined with (1.50), we see that discrete derivatives, which are built from terms

such as ¢ (z) U, (x) ¢ (x + p), are gauge invariant.

15



The lattice fermion action is generically written

r [0, 9,U] Z ZW (z,y) v (y) (1.59)

where D) is the Dirac operator for quark flavour f. There are multiple

formulations of Dirac operator in current use.

Wilson fermions
Wilson’s original formulation of the Dirac operator [11] added an additional 4/a

to the mass term M to overcome the doubler problem (additional poles associated

with momentum components 0 and 7/a [17])

4 1
Dis (21)gp = (M + 2 ) Gusbuday — 5 Dron 02 (1.60)
ab a 2a ab

where the ‘hopping’ term Dy, connects nearest-neighbour sites

4
Dyop (2 y Z [ (L = V) ap U (%) g Oatpy + (1 + V) og U (2) o Sy | -

p=1

(1.61)

1.2.5 Ginsparg-Wilson and chiral symmetry
Ginsparg and Wilson [18] showed that on the lattice (1.6) has a remnant

symmetry (but with the the appropriate continuum limit)
D~s + v5D = aDvysD . (1.62)

Lattice chiral rotations which match § 1.1.2 in the continuum limit are

' = exp{ioz’yg, (1 — gD) }@D (1.63)
P = @Zexp{ia <1 — gD) 75} . (1.64)

16



Chiral projection operators for vy, and ¥y on the lattice are

. 1+4 - 1-4
Pr = —;% and P, = s

, with 45 =75 (1 —aD) . (1.65)
The lattice equivalent of the continuum chiral symmetry breaking mass term is

m (YriL + PLvr) = my (PLPL + PRPR> P =mi <1 - %D> V. (1.66)

Incorporating this term, massive, chiral Ginsparg-Wilson fermions are construc-

ted on the lattice using

am

Daw = wD +ml, where w=1- - (1.67)
1.2.6 Nielsen-Ninomiya no-go theorem
The Nielson Ninomiya no-go theorem [19-52] tells us that for a generic fermion
action in Fourier space of the form
. _ e dik -
Sefp.iU]= [ SR Em Mt (168)

a choice must be made to sacrifice at least one of the following:

1. K (k) is invertible Vk # 0, i.e. no doublers.
2. lim, o K (k) =i} + O(ak?), i.e. the correct continuum limit.
3. {K (k),y*} =0, i.e. chiral symmetry.

4. K (k) is periodic and analytic, i.e. the action is local.

The Wilson fermion action (1.60), for example, sacrificed chiral symmetry.

1.2.7 Overlap fermions

Overlap fermions Doy were formulated by Neuberger [53], who showed [51] they
obey the Ginsbarg-Wilson relation (1.62). In general they have the form

1
(14 v5sgn (H)) , where H=A, (1.69)

Doy = —
a

17



and where the kernel A is a 7s5-hermitian Dirac operator specifying the type of

overlap operator. Computing the sign function
. -1 _ 2\ —1/2
sen (H)=H|H|" =H (H ) (1.70)

is numerically challenging and various overlap algorithms explore this challenge

using a variety of methods.

Using the Wilson fermion action (1.60) for the kernel retains the problem with

doublers.

1.2.8 Domain wall fermions

For data production in this thesis, domain wall fermions (DWF) [7] are used.
These are a type of overlap fermion and, in the modern formulation, [55] we use
the kernel
(b + C) DW
H= 1.71

752+(b—C)DW7 ( )
where b = ¢ = 1 selects the Shamir [8—11] kernel and b = 1.5, ¢ = 0.5 selects the
Mébius [0, 50] kernel. Both kernels are used for data production.

DWF circumvent the limits of the Nielsen-Ninomiya no-go theorem by adding a
fifth spatial dimension. The generic lattice fermion action (1.59) is extended to
a fifth spatial dimension, s € {0...L; — 1} and the 5-dimensional DWF Dirac

operator, D (z,s;2,8'), is (setting a = 1) [57]

1 1 1

D]53W =05~ M5 - §Dhop - EDL = DHés,s’ - §DL5;I:,$’ ’ (172)
where
DL = PL55+1,5’ + PR(SS—LS/ (173)
1
Djj =5 = My = 5 Duop = Dy (=M5) + 1. (1.74)

18



The fifth dimensional fermion mass M; plays a more complicated role than that
of a bare mass. Here we use the optimal value for the Iwasaki gauge action,
M;5 = 1.8 [10], except for the charm action or the F1M ensemble where M; = 1.0

is used. [58, 5Y]

Physical fermion fields with opposite chirality live on the first and last slices of
the fifth dimension

v (z) = P (x,0) + Prp (x, L — 1) (1.75)
¢ (x) = (2, Ly — 1) P, + 1) (2,0) Pg. (1.76)

Blum et al [60] showed that DWF have small chiral symmetry breaking effects,
which can be reduced (by increasing L) but not eliminated. These lead to an
additive residual mass term m,es, such that the effective mass in the Lagrangian

meg for a fermion with bare mass m; becomes

Meft = Myes + My . (1.77)
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1.3 Methods of lattice QCD

This section explains practical implementation considerations and techniques

broadly applicable to many Lattice QCD projects.

1.3.1 2-point functions

In a basis of eigenstates of the Hamiltonian H |n) = E, |n), the Euclidean 2-point
correlation function on a lattice of temporal extent 7' (in integer lattice units)
with operator insertions OZ and Of at initial time ¢; = 0 and final time t; = ¢ is
defined as

(0;10,0)) = ZiT T (7 0 (101 (0) (1.78)
_ ZLTTr (™ Ope 0 (1.79)
_ ZLT gjo (mle T O e~ ) (n|Oilm) (1.80)
= 7 2 O @OJm) T ETI R (s

where ) |n)n| =1 and Zp is the partition function,

o0

Zp="Tr (e ) Z (nle” TH|n (1.82)

n=0

Using (n|n) = 1 and ordering the spectrum E,, > E,, above the vacuum Ey = 0

Zr=> el =14 T~ (1.83)
n=0 n=1
for large T
Considering (1.81), e”#n(T=% is suppressed for small ¢, except for m = 0 (because
Ey = 0). Similarly, e *»* is suppressed for large ¢ unless n = 0.

20



Relabelling the vacuum [€2) and the ground state |0) (with energy Fy), we continue

oo

(0,10, = Y- | @051} tnlOf0) e (1.8)

n=0

+ (n]Oy]Q) (Q]O0;|n) e~ BT | (1.85)

where we relabelled m — n in (1.85). Commonly, (1.84) is referred to as the

forward propagating wave, whereas (1.85) is the backward propagating wave.

Using O' = 40 for meson bilinears, (n|O;|Q) = 4 (Q|Of|n)*. The overlap
coefficients <Q|Of]n> can be shown to be real or purely imaginary [61]. One can,
therefore, take the appropriate component and define them to be real — as is done

throughout this thesis. Defining

Re{ (n|O}0
Ay = {< OF >} eR, (1.86)

Im{ <n|é}|§z>}

<(§f (t) O; (0)> =3 Apudip (P £ PnT0). (1.87)
n=0

For the states of definite momentum used here, the normalisation is

|n

Xn
TR (1.88)

L= QX0+

which gives the more recognisable result

. . > , cosh (E, (T/2 —
(000 00)) = 3 He o - ;E ((T//Q _;))) (1.59)

depending on the sign of the + term in (1.87).
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1.3.2 Local meson interpolating operators

Local interpolating operators for mesons consist of Dirac bilinears containing a

quark field ¢ (z)a, a gamma structure from table 1.3 and an antiquark field ¢’ (z)s

7' (2)s = Yo (@)s [7alss - (1.90)
0

The local meson interpolating operator is

=2 4 (@)eTasa (@), (1.91)

afc

with I' chosen from table 1.3 to have the spin and parity quantum numbers of the
state of interest. These determine the Lorentz transformation properties of the
meson. Here we restrict our attention to pseudoscalar mesons, which transform
as a scalar, though change sign under parity transformations (negation of spatial

coordinates).

Corresponding creation operators are constructed either with IV = I'; or another

I' is selected with the same quantum numbers

Zq prapq y)d (192>

pod
I State Spin Parity Mesons in this thesis
v5,74Ys Pseudoscalar 0 _ D.. K
1,74 Scalar 0 +
Yy V4Yi Vector 1 _
YiVs Axial vector 1 +
YiVj Tensor 1 +

Table 1.3 Gamma structures used in fermion bilinears. The listed I structures
create mesons with the spin and parity quantum numbers and Lorentz
transformation properties shown for each state.

Unless otherwise specified, data presented in this thesis are constructed with

I' = ~5. Data constructed using [I' = 475, will be denoted ‘axial’.
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1.3.3 Wick’s theorem

In order to evaluate the two point correlator (1.122), one must evaluate the

Grassman integrals comprising the fermionic expectation value

(O( >—<Zq Fasq ()5 D a W) Topa ( )> (1.93)

afc pad

==Y (T d' W)q @ (@)aTasq ()5 (v)e) (1.94)

afic
pod

Wick’s theorem tells us that we can compute the expectation value by contracting
all permutations of quark fields of the same flavour. Each contraction is a linear
operator, the inverse Dirac matrix, for a quark field of flavour ¢ propagating to

row x from column vy,

- 1
D, (g = (a0 a0y (195
For the flavour nonsymmetric mesons studied here, Wick’s theorem gives
(O(z)O" (y)) = —Tr [F’TD;1 (y,2) D" (z,y)] - (1.96)

The overall negative sign is dropped as it has no physical significance.

In general, additional permutations of quark contractions lead to disconnected

diagrams. However, this does not apply to the mesons discussed here.

1.3.4 Smeared meson interpolating operators

Smeared quark fields ¢ (z) are defined as

(@)a =Y S (2)5q )/g, (1.97)

zBb

which are then used to construct Smeared interpolators O

Os(z) =q' (z)Tq (x) (1.98)
= " () 8% (v) 7l S (w) g (w) (1.99)
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for various smearing functions S taken from the literature, where s labels the

smearing.

The smearing function as written in (1.97) can be thought of as a matrix, where
each index is a composite spacetime-spin-colour index. However, in this thesis,
only one smearing function depends on the spatial component x, the ‘true’ point

(§ 1.3.4), which is only ever used at the sink — never as a smearing source.

When the 2-point function is evaluated for the mesons in this thesis, the creation
operator is placed on a specific timeslice. Correspondingly, the smearing sources
depend on spin, colour and timeslice, but do not depend on spatial position,
so these are defined to include a spatial sum. It is best to consider them as
a collection of 12 (one for each of the 4 spin x 3 colour combinations) vectors
associated with a source located on a specific timeslice. This plays a role in why

propagator solves require 12 inversions of the Dirac matrix, as seen in § 1.3.6.

Replacing local with smeared interpolators, (1.96) becomes

(Ousc (1) OL (1)) = 3" T [r'*sssfs* (w) D (w, ) S (1)

ruvw

PSS (w) Dyt (u,v) S (v) | (1.100)

snk

For most types of smearing functions, the dependence on x in a smearing function
S(x)

ot () is only to the timeslice z4. These are usually referred to as sources or

sinks on a timeslice.

The three smearing functions used in this thesis (see table 1.4) are introduced in

the following sections.

Smearing Sink Source Label

‘True’ point yes - P
Gauge-fixed wall  yes yes W
7 (2)wall - yes P

Table 1.4 Smearings used in this thesis and whether they have been used at the
sink or source (see § 1.53.7). Throughout, sinks or sources are referred
to generally as ‘P’ = Point or ‘W’ = Wall. In case of ‘P’, this denotes
Z.(2) for point sources and the ‘true’ point for point sinks.
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‘True’ point

The ‘true’ point smearing locates a smeared quark field at a single specified

location via the Kronecker delta function
SUED (w)a = 0,y G O (1.101)
where the Kronecker delta function is defined such that

1, 1=y

(51'13': .
0, i#J

(1.102)

Inserting Spoint into (1.97), this is defined so that the smeared quark field remains

local, i.e.

Gpoint (T)o = ¢ (x)a . (1.103)

Gauge-fixed wall

Gauge-fixed wall smearings, Sy, have a wall of constant charge at each spatial

position on a specified timeslice t = x4
S () 8= Oaiiy O By (1.104)

Note that there is no delta function over the spatial component of y, leaving a
spatial sum over timeslice y4 after insertion in 1.97, consuming the sum over y in

the correlation function (1.122).

The wall-smeared quark field is
Gw ()a =Y q(y, 4 . (1.105)
y

Used as a source, this introduces a volume factor as the quark field at each point

already contains the sum over the timeslice.

The gauge-fixed wall is not gauge-covariant, so the gauge must be fixed (see

§ 1.3.11) when using this smearing.
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7 (2) wall

For Z (2) wall sources [62, (3], the distribution D is defined as the random choice

of separate real and imaginary components 1, normalised to fit on the unit circle

D:Z(Q)@Z@):{il;i}. (1.106)

At each lattice site, a complex number is drawn from this distribution so that
S (£)3 = D Gy G Do (1.107)

where (0,3) ensures the smearing commutes with any choice of IV in (1.100). This
is motivated by the observation that, for each random vector of Z (2) noises, SI(DT)

(where each r = { z, a, a } labels a separate ‘hit’ of noise)

<S§§> (x)g> ) (1.108)
and
<s§§) (w)a S5 (y)g> = 01y 00 Oy O (1.109)

where this expectation value is normally defined as a hit average over multiple
random vectors, S, However, in this thesis, a single hit of noise is used — relying
on the fact that the hit and gauge averages may be performed simultaneously, so

that under the gauge average (1.108) and (1.109) are true.

Thus, under the gauge average, the Z (2) smearing acts like the ‘true’ point, such
that a Z (2) source with a ‘true’ point sink acts like a sum over point sources at
each site on the source (up to a volume factor). Being point sources, the gauge

does not need to be fixed.

Prior to commencing the main work in this thesis, exploratory studies [12, (4,

| examined the possibility of rotations between point and wall smearings. It
was found that, while source rotations were able to reduce the time for plateau
onset, it was not possible to find an equivalent sink rotation using the wall sink

operator (which induced large statistical error).
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1.3.5 ~; hermiticity and momentum projection

The Dirac operator is 5 hermitian (75D = (v5D)"), which is exploited in order
to reduce the number of propagator solves in the full simulation. The smeared

2-point correlation function (1.100) becomes

(O () 0L () = 3 T [ 1880 ()25 [0 ()] 258

ruvw

snk src

0SS (u) Dt (u,v) S (v)], (1.110)

and, because the smearings are diagonal in Dirac indices (and hence commute

with 75)7

(O ) Ol () = 32T 15 [ 86 ) 5 ) 880 )]

rTuvw

15 TS () D (o, v) S <v>] -
(1.111)

The correlation function is evaluated at definite momenta, but only the smearing

functions depend on x and y. The momentum projected smearing functions are

Sypear) W)s = Sered W)s L (1.112)

so that the momentum projected 2-point correlation function becomes

e~ iP(x—y) <Osnk (z) Ol Z Tr {FIT [ ssz)* (r) D(Jl (r,w) SS(I?‘JC’O) (w)]

ruvw

~s TSP (u) Dt (u,v) SWP (v)] . (1.113)

snk q src
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1.3.6 Propagators and sliced propagators

The Dirac matrix is a matrix in spacetime, spin and colour. On the smallest

gauge ensemble used in this thesis, this would require

2
L\ T
((—) ><—stch> ><16:(243><64><4><3)2><16 (1.114)
a a

~18 PB (1.115)

to instantiate the matrix in double precision (16 bytes per complex number).
Numerically inverting it would be computationally impractical and its sparse

nature would demand further study.

Fortunately, as seen in (1.113), the full Dirac matrix — let alone its inverse — is
not required to numerically evaluate the momentum projected 2-point correlation
function. Rather, the action of the inverse of the Dirac matrix on each smearing

source is used.

The lattice propagator G, for a quark field with Dirac operator D,, from a smeared

source S to every site, x, on the lattice is defined as

q src Z D ZE U a§ Sm%/cﬁ b.p) ('U)(S X (1116)

véc

which is a vector over each lattice site x, where each site is a spin-colour matrix.

There is no sum over /5 or b in (1.116) — instead, they select one of the 12 source
vectors. Subsequently, for each spin-colour combination, vector solutions, G, are

found to
DG =S5 (1.117)

using the numerical techniques outlined in § 1.3.12. Rewriting (1.113) in terms

of the lattice propagator vector G,
o z,0)% 0 *
¢ poe) <05nk ( src Z Tr |:1"/Jr [ snk - ( ) GfIZ’J,sr)c (’l“)}

~s T5P) ()G(y’p)(u)} (1.118)

q,src
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Point sink

In the case of the ‘true’ point sink, (1.101) is inserted into (1.118) which becomes

e 1P (x~Y) <0P (

SI‘C

(1)) =T[5 GY ()" 15 T e P> G ()] |
(1.119)

which is a spin-colour trace at each lattice site = (after projecting each site at the

sink to definite momentum p).

Wall sinks and sliced propagators

When the wall smearing (1.104) is used for the sink, it is useful to define a sliced

propagator
GWg’src a Z elq * G((Jysrpc X t)af , (1120)
which is a single spin-colour trace on each sink timeslice, ¢ = x4. Each lattice site

is multiplied by the momentum phase e~ P before the spatial sums implementing

the momentum projection are taken.

We rewrite (1.118) using a wall sink

PO (O (2) 0L () = Tr [ G0 (20)" 6 TGIE LY (o)
(1.121)

Matching the trace to the code

The trace in expressions (1.119) and (1.121) are both performed by the same code

in Meson.hpp from Hadrons [60]:

#define mesonConnected(ql, g2, gSnk, gSrc) \
(gb*(gSnk) ) *(q1)*(adj (gSrc)*gh)*adj(q2)

Using propagators or sliced propagators (depending on the sink smearing), q1 is

set to the forward propagator and g2 the backward propagator (i.e. propagator
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being computed with 5 hermeticity). Using the cyclicality of the trace, the code
begins with the ~; before gSnk = I'. The code explicitly takes the adjoint of the

gamma at the source, adj (gSrc)= I"T.

1.3.7 2-point correlation function

Two-point correlation functions CZ.(?) are constructed placing the creation interpol-
ating operator on timeslice t; and projecting the 2-point function using smeared

interpolators (see § 1.3.4) to definite momentum, p

O (tip) =Y e 'Ply) <of (x,t + 1;) Of (y,ti)> , (1.122)
Xy

where the subscripts i=initial and f=final on C® label the source and sink as
either P=Point or W=Wall. The usual factor of 1/|A3| (the number of spatial
lattice sites) is omitted from this definition, both for clarity and because these

factors are not applied within Grid [67] or Hadrons [66].

Once the propagators are constructed, the contractions (i.e. the trace and final
sum) require minimal computing time to perform, although the method depends

on the choice of sink smearing.

The source smearing functions, by definition (§ 1.3.4), have no dependence on the
spatial component of y. Thus, the final sum over y is not taken, as this would

merely introduce a volume factor.

Point sink contraction
Using (1.119), the 2-point correlator becomes
q,src

CF () = D Tr [T G () s e P G ()] (1.123)

The trace is performed at each sink lattice site x using the propagator vectors,

then summed separately over each timeslice.

This matches the (abridged) Meson.hpp code in Hadrons to perform the

contraction (making use of mesonConnected)
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auto &ql = envGet(PropagatorFieldl, par().ql);

auto &q2 = envGet(PropagatorField2, par().q2);
envGetTmp(LatticeComplex, c);

PropagatorFieldl &sink = envGet(PropagatorFieldl, par().sink);
¢ = trace(mesonConnected(ql, g2, gSnk, gSrc)*sink);

sliceSum(c, buf, Tp);

where sink is the momentum phase applied at each site and sliceSum performs

the sum on each timeslice.

Wall sink contraction
Using (1.121), the 2-point correlator becomes
W,q' ,src W,q,src

Cl(g& (t) _ Z Ty [F/T’% G(O,y,O) (]:4)* - PG(—PJJ’P) (:E4)] . (1.124)

The trace is performed once on each timeslice using the sliced propagators.

The (abridged) Meson.hpp code performing the spatial sum on each timeslice in
(1.124) is

auto &ql = envGet(SlicedPropagatorl, par().ql);

auto &g2 = envGet(SlicedPropagator2, par().q2);

for (unsigned int t = 0; t < nt; ++t)
result[i] .corr[t] = TensorRemove (trace(mesonConnected(qll[t], q2[t],

gSnk, gSrc)));

The spatial sum in (1.124) introduces a volume factor for each wall sink, which

arises because the spatial sum has already been taken and > f(x) = A =

2o Oy [ (%)) = [As]A.

1.3.8 3-point function

The 3-point function shown in fig 1.6 is

C= <Of (t;)V, () OF (ti)> . (1.125)

31



This is a semileptonic decay of an initial pseudoscalar meson P; (created by OJ )
to a final pseudoscalar meson Py (annihilated by Of) This is a decay from a

heavy quark h to a light quark ¢ via the vector current
V= ly.h (1.126)

with a light spectator ¢'.

| | |

Figure 1.6 3-point correlation function for a heavy pseudoscalar meson with
creation operator O;L decaying to a light pseudoscalar meson with
annihilation operator Oy via a vector current V, = B’y# £. That is, a
h=heavy quark decaying to £=light quark with another light spectator
0'. The labels if’ label the initial- and final-state meson smearings
S; and Sy in the operators O;r and Oy, respectively (P=Point or
W=Wall, see § 1.53.4). The vector current, V,, is local.

For t; <t <ty

When the current is time ordered before the annihilation operator, the 3-point

correlation function becomes

C = Zp|e 1(T1) O o (1) 7, o= H 1) OF o=t ) (1.127)

— Ze‘Ep (T+6-01) (p|Olm) e F (157 {m |V, [n) =201 (n|OF|p) .
mnp

(1.128)
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For large T', only |p) = |?) = E, = 0 survives

C =" (Q/Osm) e B (1) (m|V, |n) e~ P01 (n|OF|02). (1.129)

mn

The states |m) (|n)) overlap the final (initial) states. Relabelling the energies and

reintroducing continuum normalisation

Afm i,n 5 — — _E; it
C=2 15, e Bom(tr=t) e~ Binlt=t) (1.130)

Fort, <i;<t

When the current is time ordered after the annihilation operator

C = Z <n|e—H(T—t) Vu o H(t-tr) Of o H(tr—t:) Oj o~ Hti

n) (1.131)
= Y e E T () i) o En (1) (|0 [p) e~ B(tr=8) (p|OF|n)
(1.132)

We are interested in large enough wall separations AT = t; — ¢; such that only
Ip) = Q) = E, =0 survives

C = Ze T+ (0T ) e P (710) (m] 041 (Q]O]|n) . (1.133)

Again the states |m) (|n)) overlap the final (initial) states. After relabelling the

energies and reintroducing continuum normalisation

Ay, .
m<lin t * —Epop(t—t —E; n(THt;—t

€= 3 g ¥y e Fan(e) e (a3
Af,mAZ,n A - E _ _E: o

o Zn 1By by, "IVEIT € (1) g Fun ety (1.135)

taking (m|V,|n) € R and using VI = ¢,V, where

_17
c\ = e (1.136)

17 Yi
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When both time orderings are included [68, 69]

A ’ A A mAi,n 2
(054 %001 () = - 1 Gl | (1137
0 (ty —t) e Prnllrt) e Bttt (1.138)

400 (t—ty) e Frm(i=ts) e—EMT“i—U] . (1.139)

1.3.9 3-point correlation function

The 3-point correlation function projects the 3-point function shown in fig 1.6 to
definite incoming momentum p at the source (¢;) and outgoing momenta p’ at

the sink (¢;) and q = p — p’ at the local current

O (. p) = Y e PO e ) (0 (x, )V (2.4) O] (v, 1))

XYZ

(1.140)

For the decay Dy — K, the three quarks involved (¢, s and /) are non flavour
symmetric, which simplifies the Wick contractions. We can immediately write

(again dropping the physically insignificant overall — sign)

O = o7 P8 T IPHE) (O (2) VI (2) OLe () (1.141)
= 3T | ) Dy () S 1) (1142)
rssffkp (u) D, (u, 2) (1.143)

yH e iz(P'-p) D;l (z,v) Ss(fép,) (v)} ) (1.144)

Using 75 hermeticity (and the fact that smearing sources are diagonal in spin),

Cr =Y Tr {r frs (D (z,u) SR () 5 (1.145)
P S50 (1) D (ryw) SE0 (w) ) 35 (1.146)
e PR D (2, 0) SR (v)} ’ (1.147)
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which in terms of propagator vectors G is

W-Zﬂﬁ%@<wwﬁw%
['s Ss(fff) (r) G%l,’s??; (T)> Vs

’Yﬂ e—iz~(p/—p) G(y,P/) (Z):| .

h,src

The bracketed term in (1.148) is a sequential propagator, defined in § 1.3.10 |

(1.148)

(1.149)

(1.150)

.

Once the sequential propagator is constructed, the 3-point correlator (1.140) is

evaluated using the point-sink 2-point correlation function (1.123), setting Iy, =

v, and the sink momentum to p’ — p.

1.3.10 Sequential source method

The bracketed term in (1.148) is a sequential propagator. Two variants are used:

1. point sink — the sequential source described in the literature |

2. wall sink — the smeared sequential source defined below.

“True’ point sink = sequential source
When the smearing at the sink is a ‘true’ point, (1.148) becomes
€= Tx [Py (D7 () %20 G2 (0))

h,src

,yu efiz~(p/—p) G(y:p/) (Z):| )

and the bracketed term is computed using the sequential source method |

|; and

(1.151)

(1.152)

].

This is straightforward. A sequential source vector Ss (which is a spin-colour

vector at each lattice site) is defined as

S(p,nyvp/) ([L‘) — 1p X r G(y ,p’) ( )

seq, q’,src q’,src

(1.153)

35



and a sequential propagator is defined as a solve to the sequential source

exaligrl Z D (a,y) SRR (y) (1.154)

q,seq, q’,src seq, q’, src
For clarity, this requires the Dirac matrix to be inverted 12 times for each

combination of I' and momentum on the sequential timeslice and for each source

smearing.

The point-sink 3-point correlator becomes

Ci (t:p, ) ZTr [F’* |GR (2)] s (1.155)
~, e 1#(P'P) G(ysfc (z)] : (1.156)

which is computed using the point-sink 2-point correlation function (1.123),

setting I'suk = 7, and the sink momentum to p’ — p.

The (abridged) SeqGamma . hpp code in Hadrons used to create the source matches
(1.153)

auto &ph = envGet(LatticeComplex, momphName_) ;
envGetTmp (PropagatorField, wallTmp);
SlicedPropagator gSliced;
sliceSum(q, gSliced, Tp);
src = Zero();
for(unsigned int loop_t = par().tA; loop_t <= par().tB; ++loop_t)
{
wallTmp = g * gSliced[loop_t];
src = src + where((t == loop_t), ph*wallTmp, O.*wallTmp);
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Wall-smeared sequential source

When the sink smearing is a wall, (1.148) becomes

cr = ZTI“ {F Ty (D (z,u) P>y, 2,75 T s G%,g’é’,’src (x4)) Vs (1.157)

e =PRI GIVP) () ] (1.158)

h,src

Again, this is straightforward. A wall-smeared sequential source vector Sy seq

(which is a spin-colour vector at each lattice site) is defined as

G@Lyp) (z) = €'P*5,, ,,T GlOv0 (1) (1.159)

Wseq, ¢’ ,src W.,q' ,src

then a smeared sequential propagator as a solve to the smeared sequential source

is defined as

GPLyP) ZD S(p’ryp) (y) . (1.160)

q,Wseq, ¢’, src Wseq, ¢’, src

The wall-sink 3-point correlation function becomes

) (t;p,p') ZTF {F’T [ 2"&325&5@’/‘1’,’3)0(2)} Vs (1.161)
e G ()] (1162

which is again computed using the point sink 2-point correlation function (1.123),

setting I'spx = 7, and the sink momentum to p’ — p.

Hadrons code for the wall-smeared sequential source, SeqGammaWall.hpp, was
created by the author and added to Hadrons for this thesis. This matches (1.159)

by inspection

auto &ph = envGet(LatticeComplex, momphName_) ;

envGetTmp (PropagatorField, wallTmp) ;

SlicedPropagator gSliced;

sliceSum(q, gSliced, Tp);

src = Zero();

for(unsigned int loop_t = par().tA; loop_t <= par().tB; ++loop_t)
{
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wallTmp = g * gSliced[loop_t];
src = src + where((t == loop_t), ph*wallTmp, O.*wallTmp);

1.3.11 Gauge-fixing

Wall-sources are the extreme of a noncovariant spatial distribution, hence the
gauge must be fixed before measuring observables using wall-sources. For point
sources, this is not required; however, for data production in this thesis we choose

to use the same gauge-fixed configurations for point- and wall-sources.

We fix to Coulomb gauge which is defined by the condition

where A; is a spatial lattice derivative, and we do not write its form because these
are normally specified by the gauge fixing procedure being used. Here we use the
gauge fixing procedure outlined in [71]. This gauge-fixing algorithm is iterative,
making small local gauge rotations (controlled by a step-size a € R) towards a
field configuration obeying the gauge fixing condition. In practical terms, larger
step sizes a lead to faster convergence on a solution. However, the algorithm fails
to converge for large step sizes. For this thesis, small pilot runs were performed

to tune the parameter « for the ensembles of interest.

1.3.12 Inverting the Dirac Matrix — solvers

Computer code to numerically determine solutions G to equation (1.116) is

normally separated into two separate code implementations:

1. Linear operator(s) for the quark action(s) of interest, capable of performing
the matrix multiply DG (see S 1.2.4); and

2. Linear solver algorithms capable of solving for G in DG = S.

Solvers start from an initial guess for G, then work iteratively to refine G by

minimising the solver residual |r|> where
r=DG-S. (1.164)
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The basis for the methods used in this thesis is the conjugate gradient (CG)
algorithm [72]. This is an iterative method where at each step i, a search direction
vector p®¥ is chosen, orthogonal to all previous search directions. Then a scalar «
is found that minimises the residual (1.164) for the i-th guess G = G0~ 4+ap®.

The set of orthogonal vectors p( form a Kryolov space K.

If the low-lying eigenvectors and eigenvalues Dv® = A®y® are known, then
deflation is used [73], whereby the Kryolov space is initialised with the known

low-lying eigenvectors which dominate the solution, and the guess is initialised

Niow
4 1 o
a0 — Z )\(j)U(J)U(J)T7 (1.165)
j=1

where Ny, is the number of known lowest modes.

Various forms of preconditioning are used to speed up solutions based on the
properties of the matrix being inverted. Data production for this thesis used the

inexact preconditioned conjugate gradient method with inner-outer iteration |

]-

Y
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1.4 Lattice QCD for heavy-light semileptonic

decays

This section explains further lattice techniques that might not be employed in all
lattice projects, but were required for this thesis. Further background on quark

flavour physics is provided in [76].

1.4.1 Stout smearing

Peardon [5] noted that interpolating operators constructed from gauge link
smeared operators had better overlap with low-lying states because they decouple
from the high frequency modes of the theory. He proposed an iterative
method (“stout” smearing) which is analytical everywhere in the complex plane,
respects hypercubic lattice symmetry (if the parameters do), does not require

nondifferentiable projection back to SU(3) and is numerically stable and fast.

Here, we choose a 4-dimensional, isotropic setup (one of two Peardon recommen-

ded)

Puv = P (1.166)

The method works by defining at each lattice site « the weighted sum, C), (), of

all staples starting at x and terminating at x + [i

Cu0) = X2 [V (0) U+ D) UL o 42 (1.167)
WV

Ul(x —0)U, (x =) U, (x — D+ f2) | (1.168)

The matrix €, (z) is defined at each site in each direction (no sum over f)
Q (z) = Cy () U] (2), (1.169)

which is combined into the Hermitian, traceless matrix @), (z) (by subtracting

the trace divided by the dimensionality)

(O () — 9, (2)) — ﬁ Tr (2 (2) — 9, (1)) (1.170)
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Being Hermitian and traceless, exponentiating @), (z) returns an element in

SU(3).

We then smear iteratively for n steps, with the smeared gauge fields for the next

U[SnJrl)

step, , resulting from the product of this smearing operator to the current

gauge fields, U

UM = exp (1Q, (z)) UM. (1.171)

I

As the product of two members of SU(3), the smeared fields are also members of
SU(3).

1.4.2 Renormalisation

Single action

Though interested in the renormalised matrix element of semileptonic pseudo-
scalar meson decay P; — Py via the vector current V,, we must compute this
on the lattice using the local vector current V), = ¢'v,q, which is renormalised

multiplicatively with Zy

(Pr (P (@) 1P () = Zv (Py (py)Viu (@) |7 (P2)) - (1.172)

This can be parameterised by two form factors, f; multiplying the sum and f_

multiplying the difference of the quark field 4-momenta respectively

Zy (Pr (P, ()P (00)) = £ (@) (i +p), + 127 (%) (i — ), -

(1.173)

For P, = Py at zero momentum transfer and considering the rest frame, where
pi =pr = p;i +pr = (2E;,0) and p; — py = 0, charge conservation tells us to

normalise ffipi = 1 giving

2F;
(P (0)[Vo (0)[F; (0))

Zy = (1.174)
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Noting the form of (1.87), the backward propagating wave can either be
subtracted using overlap coefficients extracted from a fit, or half the midpoint

can be used to construct the forward propagating 2-point function C; (t,p)

C, (t,p) =C; (t,pi) — 1C’,- (

T
5 —,p) e ElT/271) (1.175)

2

which is then used to extract Zy by taking a ratio of (1.175) over (1.140)

~ ‘Zi‘2 —FE;(tr—t;
Cp, (ty—t,0) s <) (1.176)
~ 2 — ] . — .
C’gj}ibm (ti,t,t7,0,0) %(R (0)|Vp (0)| P, (0)) e By(t—tit+ts—t)
2F;
= (1.177)

(P; (0)|V5 (0)| P (0)) -

This ratio is used to extract Zy for the heavy and light actions (Zyy, and Zy,)
directly from the data. The mixed action Zy,, cannot be extracted in this way
because the condition P; = Py demands the same action, because here the charm

action is stout smeared (§ 1.4.1), while the light and strange action is not.

Introducing Z, as multiplicative quark field renormalisation factors, once the

following ratios are determined fully nonperturbatively (see next section)

R, = ———— (1.178)
Zq,h qu
A
Ry, = —— 1.179
" Zq,h ( )
AW
R, = ==, 1.180
‘ Zq,ﬁ ( )

they may be combined into the ratio

p= Rm/\/Rth (1.181)
allowing the mixed action Zy yixed to be determined
ZVmixed = P\ Lvp Lvyg - (1.182)

The ratio p is close to 1, and the practice of setting p = 1 is termed
mostly nonperturbative renormalisation. For this thesis, mostly nonperturbative
renormalisation was used until the final stages (i.e. the chiral continuum fit in

chapter 4), when the p factors became available.
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The Rome-Southampton method

In order to make contact with physical results, lattice operators must be matched
to perturbative renormalisation schemes in the continuum such as MS. [77] This
can be done fully nonperturbatively on the lattice using a number of regularisation
invariant (RI), intermediate momentum subtraction schemes such as the Rome-
Southampton method, RI-MOM. [7]

RI schemes all follow the same general method. In each scheme we impose the
condition that the renormalised projected, amputated vertex function matches
the tree-level value at a specific kinematic point. By doing so, we make no
reference to the regulator used in any given scheme. Instead, all that is needed is
a self-consistent calculation of the scattering amplitude for each scheme. Thus, RI

serves as a convenient interchange scheme between the different regularisations.

The renormalisation scale is imposed through the momenta of the quark fields
entering in the operators. Each scheme has differing kinematic requirements

imposed, leading to small variations across schemes.

Figure 1.7 Momentum diagram for renormalisation of a quark bilinear operator
Or = ¢'T¢. The departing momentum carried by the current (in
this thesis I' = 7y, ) is ¢ = p1 — pa.

RI-MOM required asymmetric (exceptional) momentum configurations (fig 1.7)

2= —u? pw>0 (1.183)
P1 = D2, q=20, (1.184)
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but this was associated with “chiral symmetry breaking and other unwanted
infrared effects” [79]. RI-SMOM schemes such as RI-SMOM? [79], RI/mS-
MOM [80] or RI-SMOM? [51] suppress these effects by requiring symmetric
(nonexceptional) momentum configurations

pl=p3=q =i’ p>0, (1.185)

p1 # D2, q#0. (1.186)

Regardless of scheme, one proceeds as follows®.

In a fixed gauge (Landau gauge is used here — Coulomb gauge cannot be used
as it has a remaining degree of freedom), the momentum space vertex (Green’s)

function V¢ for quark bilinear Or = ¢'I',q is computed

v (prope) = Y e e G (g (2) O (2) 4 (y)) - (1.187)

Tyz

Using the methods described above, this becomes
t (p1. p2) Z% GE ()T DGR (2) (1.188)

which is a single spin-colour matrix. The propagator from a volume source Gy
is obtained from a solve to a volume source Sy, (first used by QCDSF [52]) in

order to extract the most information from each gauge configuration
S (2)5 = dapBas o' (1.189)

The amputated vertex function is then obtained as the individually gauge-
averaged product of the momentum-space inverse quark propagators with the

vertex function

e oup) = ([0 0] ) (Ve um Y ([6000] 7)o a0

where G is the spin-colour matrix

Gl (1) =D e Gl (1) - (1.191)

4The fully nonperturbative RI/SMOM determination of the ratios (1.178)—(1.180) outlined
in the remainder of this section was not performed by the author.
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The vertex Ar is bare, so the renormalisation condition appropriate for the scheme

is imposed to obtain Zy /+/Z, Z,. For this study, RIFSMOM™ is used

Zv (1 . -1
/2y Zg (E Ir [%VF (“’WsymD ) (1.192)

where V¥ (i, )., is the vector vertex renormalised at the scale p. The subscript

sym

‘sym’ indicates that there is a prescription for symmetric momentum required by

RI-SMOM?7~.

1.4.3 Form factor parameterisations

This section is in the continuum, with a mostly ‘—" (West Coast) metric
1 0 0 0
0 -1 0 O
G = g = (1.193)
0 0 -1 O
0 0 0 -1

As set out in § 1.1.5 the transition matrix element i M for a semileptonic decay
of pseudoscalar D or D, mesons (for clarity we write D) to light pseudoscalar
mesons P (pion or kaon), involving the decay from charm ¢ to light quark g, is
written in terms of the product of the Fermi constant G, CKM matrix element
Veq, @ leptonic current L, and a Hadronic current H*

. .Grp

iM= _lﬁchLuH#- (1.194)
The hadronic current H*, i.e. the matrix element of the renormalised vector

current V* = Zy1gvy*c, is parameterised by form factors

H" = (P(p)V"D (")) (1.195)
= [+ (¢%) [(p’ +p)t - (@) Q”} + fo (%) (%) ¢,
(1.196)
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where

p' = (Ep,pp) = 4-momentum of the initial D (or D,) meson (1.197)
p = (Ep,pp) = 4-momentum of the final pseudoscalar meson P. (1.198)

As noted in § 1.1.5, only the vector current is used because the axial current does

not contribute [38, 83].

Conservation of 4-momentum gives
¢ =p" —p"=(Ep— Ep,pp — Pp) - (1.199)
Here, we hold the initial D at rest (i.e. pp = 0) such that

P — (mp,0) (1.200)
p— (Ep,P) (1.201)

¢" = (mp — Ep,—p) = (mD —\/mp +p?, —p) : (1.202)

The square of the momentum ¢? transferred from the D to the lepton pair is
¢ =mh+ms —2mpEp. (1.203)

There are two kinematic points of interest. Firstly, ¢y = ¢®> = 0, where there is

maximum recoil of the final-state meson

2 2
EP,max = EP = w . (1204)
0 mp

Secondly, the maximum 4-momentum transferred to the current ¢2occurs when

the final-state meson remains at rest

@ = (mp —mp)® . (1.205)
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The temporal component of (1.196) with our kinematics is

H° = (P(p)V°|D(0)) (1.206)
— £ () [(mD + Ep) — (me_z mP) (mp — Ep)] (1.207)

+ fo (¢°) (T) (mp — Ep) (1.208)

_ q_12 fo (@) {(mD 1 Ep) (m3 + m2 — 2mpEp) (1.209)

— (m}) — mHEp —mpmp +mpEp) } (1.210)

+ fo (qz) (m% — m%) (mp — Ep) (1.211)

|1 @) | (o b b o + et ambEe (1212)

— szEl%>7a{°;+m%ER+ m%mD;m%E}?l (1.213)

+ fo (¢*) (m} — m%) (mp — Ep) (1.214)

= 5 [=2mp (B = ) £ () + (i = i) (m = Br) o ()]
(1.215)

The spatial component of (1.196) with our kinematics is

H' = (P(p)|V'|D (0)) (1.216)
-7 [f+ (@) [+ 8 2m ) + (i, — i) | 1.217)
) ()| 1219
= 2 [ (o = Ee) . ) — (mh = mi2) fo () ]. (1.219)
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Parallel and perpendicular form factors are defined in terms of the matrix

elements computed on the lattice

(P(p)V°|D(0))

f|| (Ep) = \/m and (1.220)
£ (B — APE@VID(©) (L221)

p'v2mp

We do not have access to (P(p)|V!|D (0)) at zero spatial momentum, so f (mp)

remains unknown. Thus, we need not define how to take the limit as p* — 0.

The dimensionless quantities f, and fy can be written

f+ (@) = 2inp (fi (Ep) + (mp — Ep) f1 (Ep)) (1.222)
fo(a*) = ﬁ ((mp — Ep) fiy (Ep) + (E} —m3) fL (Ep)) . (1.223)

Lack of knowledge of f, (mp) prevents f; (¢2,.) from being constructed.

However, at ¢2,., E% —m?% = 0; thus fo (¢2,,) can be constructed.

Validating (1.222) by inserting (1.215) into the right hand side (RHS) of (1.222)

[— 2mD (E]QD — m?:) + ((]2> + (mQD - m??) (mD - EP) fO (qZ)

(1.224)

+ (mp — Ep) [QWD (mp — Ep) f+ (¢*) — (m}, —m3) fo (¢°) ]]

(1.225)
_ f+q(2q2) [_ E2 4+ m2 +m2 — 2mpEp + Elg] (1.226)
— 1+ () - (1.227)
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Similarly, we validate (1.223) by inserting (1.219) into RHS (1.223)

RHS = +2> ( (mp — Ep) { —2mp (Bp —m}) f+ (¢°)

q* (mp —mp
+ (m% — mQP) (mp — Ep) fo (92) } + (E12> - mf;)
|:2mD (mp — Ep) f+ (¢°) — (mp —m3) fo (¢°) ])

fo(¢%)

(= ) (= m2) )

Defining ppax = p |q0, we evaluate fo (0) (1.223) substituting (1.204)

fo(0) = \2/%2 [(mD_ (m%;;:f%)) <P(pmj;%|1) (0))

m¥ 4+ m ’ —m2 (P (Pmax)[V'[D (0))
+ (( 2mp ) P) PliaxV2mp ]

2mD (m% — m?:) <P(pmax)|V0|D (0)>

4mi, (m}, — mp)

2 )’ <P<pmax>\vz'rD<0>>]

+ (mp —mp Do
(P(Pmax)V°| D (0))
V2mp

() ]

1
2mD

That is this construction satisfies the constraint

fo(0) = £+ (0) .

f” (ERmaX) + (mD - EP,max) fJ_ (EP,max)] = f+ (0) .

(1.228)

(1.229)

(1.230)

(1.231)

(1.232)

(1.233)

(1.234)

(1.235)

(1.236)

(1.237)

(1.238)

(1.239)

(1.240)

(1.241)

(1.242)
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1.4.4 Chiral continuum fit form

For this thesis, it is possible to generate form factor data spanning the entire
physically allowable kinematic range. Consequently, the data are fitted directly
to a form factor ansatz, which is a function of the energy of the light product
meson Ey, the simulated pion mass M; and the lattice spacing a. The ansatz is
derived from next-to-leading order (NLO) SU(2) chiral perturbation theory for
heavy-light mesons (HMyPT) in the hard-kaon limit [81-80]

fX (EL7 M:., CL2) = f)((?ont) (EL) + fgat) (EL7 MTSI'7 a2) : (1243)

f_§§°n ) is a continuum prediction, which is an expansion of ng x terms of Ej/A

(B = (1.244)

f)((lat) is a lattice correction containing the additional pion mass dependence M;
and discretisation effects (which is modelled as a function of a® because we use
an all DWF action)

A

(B M) = B+ Appy |
zy,

0f (M7) — 6 (M7)
X0 ( (17 1.)? ) (1.245)

AM
+ CX71—7T + dX (CLA)2

2 . (1.246)

The parameters of the ansatz are

1.247
1.248
1.249
1.250
1.251
1.252
1.253
1.254

fx = Form factor X € {+,0}, i.e. vector and scalar
0 f = chiral log and finite volume corrections
E;, = final-state hadron energy

Cxn, dx,ex, = dimensionless fit constants for form factor X
M = simulated pion mass (differs by ensemble)
M?P = physical pion mass (isospin averaged)

AM = (M)” — (ME)?

o~ o~ o~ o~ o~ o~ o~~~
—_— — — ~— — ~— —  —

fr = pion decay constant ,

and A = 1 GeV is introduced as:
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e a dimensionful scale to make the fit parameters dimensionless; and

e the renormalisation scale in the one loop chiral logs in df.

In the chiral limit, simulated pions take their physical masses
M? = M?, (1.255)
and in the continuum limit
a—0, (1.256)

so that, in the chiral continuum limit, by design we have

FE (B, M2, a?) =0, (1.257)
and hence
fx (Br, M2.0) = [ (Ev) . (1.258)
We use the same pole structure as [87] Ay, x

M2, o) — M3, — M}
2Mp, ’

Agvy,X (1259)

with the squared masses in the numerator M7 Dr(JP) Mf)y and M? defined per the
below and table 1.5

x = quark the charm decays to (1.260)

y = spectator quark € {s,¢} (1.261)

D: (J”) = excited c-z meson the w couples to in HMyPT (1.262)
JP = spin J and parity P quantum numbers (1.263)

= 1~ for vector or 0T for scalar form factors respectively — (1.264)

M, = light hadron mass (1.265)

D,, = initial heavy, pseudoscalar meson . (1.266)
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I DE(IT) | Awx | (D)™
1~ D Als,—i—/L -22 MeV
0+ DS (2300) Al&o/” 348 MeV

Table 1.5 Parameters entering the chiral continuum fit for Dy — K decays.
Columns describe: the spin J and parity P of the excited pole meson;
the pole meson D} (lightest meson) for each J¥ (quantum numbers);
the name of the pole term, and which form factors each applies to;
and the value of the pole term (1.259) using PDG [25] values. Table
adapted from [57].

The hard SU(2) xPT chiral log and finite volume corrections have this form
(1+3¢*) D—n
3
5F () =3 [3f n 1o/ 0] x 332 pox . (1267

1 D, — K

where ¢ is the coupling and the chiral logs 6 f'°¢ and finite volume corrections
SfFV are

58 (M) = M?*1In <Ajf—;) (1.268)
SfFV (M) = % > % (1.269)
In|£0

The sum in §fFV runs over all non-zero lattice vectors n (with integer compon-
ents) in the finite volume of the spatial lattice and where K is a modified Bessel

function of the second kind.

Arfken, Weber and Harris [98] say of K; “The confusion of choice and notation
for this solution is perhaps greater than anywhere else in this field.” Rather than
add to this confusion, the reader is referred to a mathematical textbook such
as [38] or online reference such as [389] for the definition of K7, and the interested
programmer to the GNU Scientific Library [90] functions gs1_sf_bessel_K1 and

gsl_sf_bessel_Ki_e (which were used for data production).
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Chapter 2

Data generation

All of the data production and analysis for this project was performed using a
C++ 14 code, Meson Lattice Utilities (MLU) [91], developed by the author for
this thesis.

Data were produced on Science and Technology Facilities Council (STFC)
supercomputers using the MLU module xml3pt using the Grid [67] library
for QCD and the Hadrons [66] library for computation workflow management.
Preliminary studies and data production for the first ensemble (C1) were
performed on Tesseract (table 2.1), with all subsequent data production on Tursa
(table 2.2). Data validation was performed on C'l during commissioning of Tursa

to ensure continuity with data produced on Tesseract.

Data analysis was performed using MLU, which used the GNU Scientific Library
(GSL) [90] for nonlinear least squares fitting on an Apple Mac Studio 2022 (Apple
M1 Ultra, 20 CPU cores, 48 GPU cores, 64GB RAM).

2.1 Supercomputing resources

Supercomputing resources were generously provided through the DIRAC Univer-
sity Consortium [92] by the Science and Technology Facilities Council (STFC)
[93] as part of the UK Research Initiative.

Tesseract is a Hewlett Packard Enterprise (HPE) SGI 8600 CPU based super-

computer as described in table 2.1.
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Manufacturer
Model

Nodes

CPUs

Total CPU cores
RAM

Disk

Network

Hewlett Packard Enterprise (HPE)

SGI 8600

1468 CPU, 8 GPU

2x Intel Xeon Skylake Silver 4116, 2.1 GHz, 12-core/node
35424

141 TB

3PB DDN Lustre

Intel Omnipath 100Gbit/s, 16 nodes / leaf switch

Table 2.1  Tesseract [9/] hardware overview.

Tursa (Scots Gaelic for “standing stone” ) is an Atos Sequana XH2000 GPU based

supercomputer as described in table 2.2.

Manufacturer
Model
Nodes

CPU

Total CPU cores
GPU

Total GPU cores
RAM

Disk

Network

Atos

Sequana XH2000

114 GPU, 6 CPU

GPU Nodes 2x AMD EPYC Rome 7272, 2.9GHz, 12-core/node
CPU Nodes 2x AMD EPYC Rome 7H12, 2.66GHz, 64-core/node
3504

4x Nvidia RedStone A100-40 (640 Tensor/6,912 CUDA cores)/node
291,840 Tensor cores, 3,151,872 CUDA cores

1 TB/GPU node, 256 GB/CPU node, 117 TB total

4PB DDN Lustre

Mellanox 200 Gbit/s HDR Infiniband Interconnect (fat tree topology)

Table 2.2  Tursa [95] supercomputer hardware overview.

2.2 Ouverall strategy of the calculation

On each of a number of different ensembles (with varying lattice spacings and

simulated pion masses):

e Raw data are produced covering the physically allowed kinematic range

(§2.3)
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1. 3-point functions for the decays of interest

2. 2-point functions for mesons involved in the decays of interest.
e Per-ensemble data analysis is performed at each available momentum (§ 3.1)

1. 2-point functions are fitted

2. Determination of Zy is made for a mostly nonperturbative renormal-

isation scheme

3. Ratios of the raw data are formed and renormalised using the mostly

nonperturbative renormalisation scheme
4. Ratios are fitted to extract matrix elements

5. Matrix elements are adjusted to a fully nonperturbative renormalisa-

tion scheme

6. Form factors are constructed from the renormalised matrix elements.

The per-ensemble results are a collection of data points, fo and f,, at each Fourier

momentum, covering the physically allowed kinematic range. for each ensemble.

These are then combined into the chiral continuum analysis described in

chapter 4.

2.3 Data production

2.3.1 Ensemble parameters

This isospin symmetric lattice QCD simulation is performed using RBC/UKQCD’s

2 + 1 flavour Iwasaki gauge action [15] and DWF action [7, 10, 11] ensembles.
There are three inverse lattice spacings, coarse (C) [96] ~ 1.7848(50) GeV,
medium (M) [97, 98] ~ 2.3833(86) GeV and fine (F) [81] ~ 2.708(10) GeV.

Heavier than physical pions are simulated on all ensembles, with multiple pion
masses simulated on the coarse and medium ensembles in order to disentangle
chiral and lattice spacing effects. The most recent determinations of parameters

for these ensembles [1] are summarised in table 2.3.
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Name L/a T/a a' /) GeV m,/MeV m,L

C1 24 64  1.7848
C2 24 64  1.7848(50

339.76
430.63

1.22
1.38

4.57
5.79

M?2 32 64  2.3833 360.71
M3 32 64  2.3833 410.76

1.58) 4.84

(50)
(50)
M1 32 64 2.3833(36) 303.56
(86)
(86) 1.74) 5.5

4.11

—_— =~ = =< =

)
)
1.38) 4.08
)
)
)

F1M 48 96 2.708(10)  232.01(1.01

Table 2.3 Ensembles used for data production. FEnsemble names begin with
(C)oarse, (M)edium or (F)ine indicating lattice spacing a. L/a and
T/a are the spatial and temporal lattice extents in integer units. The
last two columns show the pion mass m, and product m, L.

Name Start Stop Step Neont Nmeas

Cl1 3000 6180 20 160 1
C2 1540 4080 20 128 1

M1 880 3420 20 128 1
M?2 820 2090 10 128 1
M3 280 2960 20 120 1

F1iM 200 1620 20 72 2

Table 2.4 Trajectories used on each ensemble. Start and Stop are the first
and last trajectory numbers, while Step is the separation between
trajectories. Nops is the number of configurations and Nieqs 15 the
number of measurements (binned together) on each ensemble.

To minimise autocorrelations, the configurations used on each ensemble are as
widely separated as possible and begin once the trajectory is thermalised, as

determined in prior studies (see table 2.4). [81, 96-98]

2.3.2 Quark field parameters — light and strange

All ensembles used have heavier than physical pions in the sea; thus, the light
valence bare quark masses, amy, are all set to their unitary value, i.e. the same

light bare sea-quark mass used in ensemble generation.

Bare strange quark masses are all set to the physical value determined in [31, 99]

for the coarse and medium ensembles and [1] for F1M.
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1
Name DWF b5 ¢ Ms Ly am)™™ ams® amy?h Phys

C1 S 1 0 1.8 16 0.005 0.04 0.03224(18)
C2 S 1 0 1.8 16 0.01 0.04 0.03224(18)
M1 S 1 0 1.8 16 0.004 0.03 0.02477(18)
M?2 S 1 0 1.8 16 0.006 0.03 0.02477(18)
M3 S 1 0 1.8 16 0.008 0.03 0.02477(18)
F1M M 1.5 0.5 1.0 12 0.002144 0.02144 0.02217(16)

Table 2.5 Simulation parameters for light and strange quark fields. DWF
indicates whether the DWF action is (S)hamir or (M)ébius and
parameters b, ¢ and Ms (§ 1.2.8). Light and strange bare quark
masses in lattice units amy and amg are shown. The light action is
unitary (i.e. light valence quarks are simulated at the same unphysical
mass as sea quarks), whereas the strange action is partially quenched
(i.e. strange valence quarks are simulated at physical masses with sea
quarks slightly heavier).

Strange and light quark fields were simulated using the same DWF action [7,

, 11] as previous work [1], i.e. the Shamir SGN function approximation
(SGNBhamir (3~ |z|/z) [3, 9] for all ensembles — except FIM which used the
Mébius [6] SGN function approximation. Grid [67] uses the generalised Mobius

DWF action described in equation (2.15) of [0], with parameters b5 = 1 and
¢5 = 0 for Shamir, whereas bs; = 1.5 and ¢; = 0.5 recover Mébius (in both cases,
we have a5 = bs — ¢5). In all cases, we set the Wilson mass term M5 = 1.8 and

Ly = 16 as determined by [46, (0], except on the fine ensemble, where we set

M5 = 1.0 and L, = 12 [58, 59].

The eigenvectors of the two different approximations to the sign function used
for these two actions have been found to be preserved, and hence “the Mo6bius
rescaling can be understood as an improved algorithm for essentially the same
lattice Dirac action” [6]. This is important as it allows us to include data from

all 6 ensembles in the same continuum extrapolation.

Strange and light quark parameters are summarised in table 2.5.

2.3.3 Quark field parameters — charm

Our intention was to simulate the charm as close as possible to the physical point.

No previous determination had been made of the bare charm quark mass needed
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to simulate the physical charm. For this setup there were data with a range of
bare charm quark masses and the corresponding D, and 7. pseudoscalar meson
masses induced (amy, amyps and amyy, respectively in table 6 from [1]) straddling

the physical point.

Using these data, the lattice spacings and the physical Dy mass from the Particle
Data Group (PDG) [25], multiple linear and quadratic fits to the data were
performed, and then interpolated to the physical point using an average from
those models. Bare quark masses were then checked against those obtained from
similar fits using data for amy;, and the physical 7. from the PDG, which were in

agreement.

The parameters for the charm are described in table 2.6, again with earlier studies
[58, 59] determining that stout smearing [5] (see § 1.4.1) the gauge links before
computing the propagators was necessary to bring residual mass effects, amyes,

under control [58].

Name DWF b5 Cs M5 LS am‘};al 1% Nsteps

C1,C2 M 1.5 05 1.0 12 0.6413 0.1 3
M1, M2, M3 M 1.5 05 1.0 12 0447 0.1 3
F1M M 1.5 05 1.0 12 038 0.1 3

Table 2.6 Simulation parameters for charm quark fields. The first siz columns
are as described in table 2.5. The charm action is quenched (no charm
quarks in the sea), with bare charm valence quark masses indicated
by am}“ﬂl. The bare mass selected was an interpolation to the physical
Dg based on data from prior studies [58, 59]. The interpolation
was performed on ensembles C'1, M1 and F1M, then used on all
ensembles with the same lattice spacing. The Mobius DWF action
(bs = 1.5,¢c5 = 0.5) with M5 = 1.0 amd Ls = 12) is used on all
ensembles, with 3 steps of stout smearing [7] using p = 0.1.

2.3.4 Kinematic range — choice of Fourier momenta

The energy difference between the initial D, and final-state kaon sets an upper
limit on the physically allowable momentum of the final-state kaon. Using the
PDG masses for the D, and K and the lattice dispersion relation, the maximum

Fourier momentum of the kaon is shown in table 2.7 in integer lattice units

nt =3, (n,)"
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Name n?

C1,02 4
M1, M2, M3 4
F1M 6

Table 2.7 Mazimum Fourier momentum of the kaon on each ensemble in integer
lattice units n>.

Given the substantial production cost for each momentum, a single Fourier

component was chosen for each integer n? as shown in table 2.8.

Table 2.8 Components of Fourier momenta for integer lattice momenta n>.

The integer lattice momenta n, are related to momentum components ap,, by

2mn,,

= 2.1
and the Lattice dispersion relation is
am > ap
o —1 . -1 . 2 ) 7
E (m,p,a) = 2a" " sinh sinh <7> + ;sm ( 5 ) . (2.2)
2.3.5 2-point correlation function data
2-point correlation function data are generated
CfF (tip) =) e iPly) <of (x,t+ ) O (y,ti)> , (2.3)
Xy

as per fig 2.1 using the methods outlined in § 1.3.7, for all:
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e Combinations of quarks ¢,q’" € {¢,s,¢} (tables 2.5 and 2.6);

e Integer lattice momenta (table 2.7); and

e Point and wall source and sink smearings (§ 1.3.4),
where the propagator vectors are computed using (1.116) and the propagator
vector for the anti-quark ¢’ is computed using -5 hermeticity.

q

;=0 t

Figure 2.1 2-point correlator, Ci(?) (t;p) for meson consisting of quark q and
antiquark q with momentum p. The labels ‘i f’ label the initial and
final smearings S, P=Point or W=Wall (see § 1.3.4). We can also
independently choose gamma structures I';,I'y € {~v5,7475 } for a
pseudoscalar meson. The anti-quark propagator is computed using
5 hermeticity.

2.3.6 3-point correlation function data

3-point correlation function data for the Dy — K decay are generated

Ci(?)u (t) = Zefip'(xfz) oD (z) <of (x,t5) V, (z,1) oj (y,ti)> , (2.4)

XYz

using the methods outlined in § 1.3.9, for all:

e Integer lattice momenta (table 2.7),

e Point and wall source and sink smearings (§ 1.3.4),

and for the integer temporal (wall) separations, A T'/a listed in table 2.9.
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Ensemble Wall separations (AT /a)

C1, C2 12, 16, 20, 24, 28, 32
M1, M2, M3 16, 20, 24, 28, 32
F1M 16, 20, 24, 28, 32

Table 2.9 Wall separations AT /a in integer lattice units.

Because the light propagators are the most expensive to compute, in order
to generate as much data as possible for the least computational cost, three

optimisations are made:

e The charm is used for the sequential solve as this is faster than using light.

e The D, is kept at rest — avoiding sequential solves for each non-zero

sequential momentum.

e Two 3-point correlation functions are computed: one with the D, on
timeslice AT /a (fig 2.2) and another with the D; on timeslice (T' — AT)/a
(fig 2.3) — reusing the light propagator on timeslice 0.

Additional I' structures on timeslice ¢; and at the current are essentially free,
so all combinations are taken. Because each I' on timeslice AT /a requires an
additional sequential solve, only data with 75 at the sink are computed (i.e. the

axial sink is not computed).
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\ \ \
t;i=20 t tf:AT/a

Figure 2.2 3-point correlation function C.(?)“’fwd

; (t) of semileptonic Dy — K
decay via local vector current V. The light propagator is formed
from a source S; at t; = 0 with momentum p. A strange propagator
is formed from a zero momentum source at t; = 0, from which
a sequential charm propagator is formed via ty = AT/a. The
contraction is performed using s hermeticity on the sequential

propagator.

Vu (p>

\ \
tr=(T—-AT)/a TJa—t li

Figure 2.3 3-point correlation function Ci(?)“’ka (t) of semileptonic Dy — K
decay via local vector current V. The light propagator is formed
from a source S; att; = 0 with momentum —p. A strange propagator
is formed from a zero momentum source at t; = 0, from which
a sequential charm propagator is formed via ty = (T —AT)/a.
The contraction is performed using ~vs hermeticity on the light
propagator.
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Forward and backward correlator measurements are binned together
1 AT T— AT
(3 _ (3)u,fwd (3)u,back

We define the spatial correlator CZ.(;’)i as the average over non-zero spatial Fourier
momentum components scaled by the integer lattice momentum component in

each direction

(3
- 1 CO* (1)
0(3)1 _ if X
-y X (2.6
n=1,2,3

where N counts the number of non-zero momentum components with the

Heaviside 0 function

N= Y 0(n). (2.7)

2.4 Measurement processing & hypothesis testing

2.4.1 Measurement processing and error propagation

For this project, equivalent raw data measurements on the same configuration
are not treated as statistically independent, but instead are averaged together
(“binned”, see Binned data below) before statistical analysis. The binned data

are then bootstrapped using 10,000 replicas (see Bootstrapped data below).

Raw data

Raw data are the individual results of measurements, e.g. 2-point functions with
a source on different timeslices, or the forward and backward 3-point functions
described in § 2.3.6. Autocorrelation is present, so these measurements are not

treated as statistically independent.
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We take V.., measurements, each of which is a vector of N; data points

Neonfig = number of configurations we take measurements on (2.8)
Nieas = number of measurements per configuration (2.9)
Niaw = total number of raw measurements = Neonfig X Nimeas (2.10)
x; = vector of N; data points for measurement i (2.11)
N, = number of timeslices on the ensemble, i.e. T'/a (2.12)
i=1.. Nuy. (2.13)
Binned data

Binned data are averages over one or more raw measurements (a ‘bin’). Raw data
measurements are adjusted for symmetries such as time translation invariance
while binning. Bin sizes must be larger than the correlation length of the data, in
order that the binned measurements may be taken to be statistically independent

— even if the raw data are not.

Bin size = number of raw data measurements in each bin (2.14)
Nsamples = number of measurements after binning (2.15)
N,
= — ded 2.16
bin size (vounded up) (2.16)
X?i“ = vector of V; data points for binned measurement j (2.17)
J =1... Nsamples - (2.18)
The mean (‘central’) value for a measurement is the bin average
1 Nsamples .
X = X" (2.19)

N,
samples =1

Bootstrapped data

Bootstrapping allows an arbitrary number N, of estimates of the mean to

created. Each bootstrap replica is an estimate of X, consisting of averages over
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Ngamples random samples (with replacement) from the binned data.

Nioot = number of bootstrap replicas — 10000 in this thesis (2.20)
XP°°" = vector of N, data points, k-th estimate of mean (2.21)
k=1... Npos. (2.22)

For each replica k, s € {1... Ngamples } random numbers 75 € {1... Ngamples } are

drawn in order that

Nsamples
1

—boot __ bin
X = X" (2.23)
samples o—1

The central replica is the average over all samples without replacement
icentral =X. (224)

The bootstrap average is not an unbiassed estimator of the data

Nboot
<boot _ 1

<boot =
g = N X" #£X, (2.25)

s=1

(because the replacement is random), however this bias is small (see § 2.4.4).
For functions of observables, estimates of the function are the function of the
central value f (X). For error propagation:

e The function is performed over every bootstrap replica.

e Results are sorted into monotonic sequences of estimates fn

A

e Statistical errors are quoted as + [f(Nbooer) - f(i)] — [f (%) — leg}

The Gaussian distribution allows us to compute the width K;,, hence Ny,

1 ! u?
K, = — due™ 2 ~ 0.682689492137086 2.26
==/ (2:26)
1— Kla
Niy, = TNboot ~ .158655253931457 Ny oot (2.27)
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Jackknife data

Jackknife creates exactly Ngamples €stimates of the mean

gkkniie — vector of N, data points, k-th estimate of mean (2.28)

k=1... Nemples- (2.29)

Each jackknife replica is an estimate of X, consisting of averages over all samples

from the binned data excluding a different binned sample per jackknife replica

1 Nsamples
—jackknife bin
X, = (—_ 1) g x, M. (2.30)

N,
samples s=1,54k

For functions of observables, estimates of the function are the function of the

central value f (X). For error propagation

e The function is performed over every jackknife replica.

e The variance o2 is computed and statistical errors quoted as %o, where

o2 (Nsamples - 1) Nsazmiles <f ()c];ckknife> _ f&))Q ‘ (2.31)

Nsamples 1

Owing to the low statistics, Jackknife proved unhelpful in the construction of

covariance matrices for fits in this thesis.

2.4.2 Multivariate random data

Following the National Institute of Standards and Technology (NIST) [89], if n

iid (independent and identically distributed), p-dimensional samples x; are drawn
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from a p-variate normal distribution

n = number of samples (measurements) (2.32)
p = number of dimensions (data points) in each sample (2.33)
T
X; = (331‘71 Ti2 .- xi,p) (234)
1 n

X = sample mean n;X (2.35)

X1, ... Xp ~ N, (1, X) (2.36)
N, (i, X) = p-variate normal distribution, mean p, covariance 3 (2.37)
3. = population (true) covariance matrix (2.38)

3., = covariance matrix of mean = —, (2.39)

n
then we can compute a ‘test statistic’ (or cost function) y?

=) B (x ) (2.40)

which is oc the distance of the sample mean from the true mean —i.e. y? is small

when X & p. x? can be shown to be [100] distributed as

X2~ x5 (2.41)

where x? is the x* distribution with p degrees of freedom.

2.4.3 Multivariate goodness of fit

When fitting data to a model, x; from the previous section is redefined to the

difference between model predictions, Th (Theory), and the data

Th; — Zi1
Thy — x;

xi—x,=Th—x;= | > " (2.42)
Thp — Tip

For a good model, Th ~ x;, i.e. x; ~ 0 and we test the null hypothesis H,

Hy:p' =0, (2.43)
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with the alternate hypothesis H; that the model does not explain the data
Hy :p' #0. (2.44)

Since the model prediction is fixed, ¥z, = 3%. However, in this thesis (and when
fitting lattice data generally), the population covariance is unknown. Instead, an
estimate for the covariance of the mean % must be made from the sample data
(for details see § 2.4.4). Setting Hy : g/ = 0 in (2.40) we define the test statistic
2

= (Th-x)" 32! (Th - %) . (2.45)
The estimates of X often come from bootstrap or jackknife replicas (§ 2.4.1).
Hotelling [101] showed that when 3 is estimated from the data in this way,

t? is distributed as the T2 distribution (the multivariate equivalent of Student’s

t-distribution) with p’ and n’ — 1 degrees of freedom, where

~Th (2.46)
and Hotelling’s T2 distribution [100), | is closely related to the Fisher-Snedecor
F-distribution

p(n—1)
T2, = n—_pr,n,p, (2.47)
with

p = fit degrees of freedom = p — r (2.48)

r = number of parameters in the model (2.49)

n’ = number samples in the estimate of 3x . (2.50)

The rationale for p’ is that each parameter in our model can explain 1 of our p

data points, such that the degrees of freedom of our problem are reduced.

To compute a p-value, we transform the t? statistic into f

n’—p’

=T (2.51)

f=
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and since f ~ Fy ,_,y, we form the p value
p-value = / dz Fy p_p (2) . (2.52)
!
For some confidence level « (in this thesis 0.05), if we find

p-value < a, (2.53)

then we reject our null hypothesis that our model explains the data. Otherwise,
we cannot reject the null hypothesis, so we accept the alternate hypothesis that

our model explains the data at the confidence level used.

Comparison of Hotelling’s 72 and Y? distributions

Hotelling [103] showed that, in the large n limit, Hotelling’s 72 distribution
approaches the x? distribution [essentially because for large n, )N X, =
(2.45) = (2.40)].

A thorough comparison of the effectiveness of these two distributions when
computing p-values — for lattice data using estimates of the covariance matrix
constructed from the data being fitted — was performed by RBC/UKQCD
collaborator Chris Kelly [104]. For small numbers of samples, particularly with
large numbers of degrees of freedom, both distributions underestimated the true

p-value, with Hotelling’s 72 more closely matching the true p-value.

#include <gsl/gsl_cdf.h>
template <typename T> T qValueHotelling( T TestStatistic, unsigned int dof, unsigned int SampleSize )
{

if ( SampleSize <= dof )

throw std::runtime_error( "Number of data points " + std::to_string( SampleSize - 1 )
+ " < degrees of freedom " + std::to_string( dof ) );

const unsigned int Nuf{ SampleSize - dof }; \

const T tFactor{ static_cast<T>( Nu ) / ( dof * ( SampleSize - 1) ) }

return FDistQ{ gsl_cdf_fdist_Q( TestStatistic * tFactor, dof, Nu ) };

The implementation of p-value computation using the Hotelling distribution as
implemented in GSL [90, 91] (above) was regression tested against the prior study.
A small sample of output is reproduced below for p’ = 28, n’ = 100, where lower
case is the original output from the prior study [104] (lower case) and upper case

is the reproduction for this thesis.

69



TEST FOR k=28, N=100 lower/UPPER = original/REPRODUCTION
chisq=39.2 chisq/dof=1.4 p(T2)=0.458856 p(chi2)=0.0777593
CHISQ=39.2 CHISQ/dof=1.4 P(T2)=0.458856 P(CHI2)=0.0777593
chisq=41.0667 chisq/dof=1.46667 p(T2)=0.400877 p(chi2)=0.0529546
CHISQ=41.0667 CHISQ/dof=1.46667 P(T2)=0.400876 P(CHI2)=0.0529542
chisq=42.9333 chisq/dof=1.53333 p(T2)=0.347096 p(chi2)=0.0353251
CHISQ=42.9333 CHISQ/dof=1.53333 P(T2)=0.347097 P(CHI2)=0.0353253

We see comparison evaluations for x? € {39.2,41.0667,42.9333 }. p(T2)/p(chi2)
is the p-value computed using the y?/Hotelling distribution. Both codes produce

the same output to 5 significant digits.

A~

2.4.4 Estimating sample covariance matrix of mean Y5
For all fits in this thesis:

e The covariance matrix is constructed from the binned data (where available)

and unfrozen (constructed independently on each bootstrap replica).

e Where binned data are not available, such as for ratios defined as
an ensemble average, the covariance matrix is constructed from the

bootstrapped data and frozen to the central replica.

Binned data

The sample covariance is constructed directly from the data

n = Nsamples (254)
S = LS (- x) (- ®)” (2.55)
=1

then the sample covariance of the mean is estimated

2bin

EA bin
x
n

(2.56)

This procedure gives the estimate of EAJ%O‘” for the central replica.

When fits are performed on other replicas, the sample covariance of the mean for
Eboot,k

X

bootstrap replica k, i.e. the unfrozen
b

)

, can be estimated by selecting the

xP™ with replacements appropriate for replica k in (2.55).
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Bootstrapped data

When constructing the estimate of the covariance matrix of the mean )y directly

from the bootstrap replicas, the bootstrap average is used as the mean

Nboot

(xboot — xchooty (oot — xchoot) (2.57)
=1

As mentioned near (2.25), the average of the bootstrap replicas has a slight bias

boot

away from X. Instead, the covariance matrix can be estimated using X,03" — X,

but this has a negligible effect.

This procedure gives a single estimate of ﬁ:;oot for the central replica. When fits

are performed on other replicas, the same, “frozen” 32°°* must be used.

When computing p-values, n = Ngamples are used, i.e. the number of samples from

which the bootstrap replicas were constructed (not Npeot)-

Jackknife data

For completeness, 3% can be estimated from a jackknife resample

Nsamples
Shjacldnife _ (Nsamples - 1) Z <§1ackknife _ i) <§iackknife _ §>T (259

N, samples i—1

Owing to the lack of statistics (small Ngumples), jackknife estimates of the

covariance of the mean were not useful for this thesis.

2.5 Fitting

All of the fits in this thesis were performed using MLU [91]. Becasue this was
written by the author for this thesis, this section briefly outlines the fitting process

and regression tests undertaken to ensure correctness.

2.5.1 Overview of fit code

Fit code within MLU:
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e Allows 1 or more data files to be fitted simultaneously.
e Allows models to be specified independently per data file (§ 2.5.4).
e Maintains a global parameter list, shared by all models.

e Parameter names include the ‘object’ (e.g. meson) they apply to for

disambiguation

— E.g. in most 3-point fits, there will be two distinct sets of energies

— ...one for the initial- and one for the final-state meson.
e Fits can be composed, with parameters retrieved from a previous fit.
e Each model has a guess algorithm appropriate for the model.

e Guess arbitration occurs at the start of a fit, i.e. models iteratively take

guesses until all free-parameters have a starting-point.

e An uncorrelated fit is performed on the central replica using the initial
guess, the result of which becomes the guess for a correlated fit on each

replica.
e Fit statistics are computed from the fit replicas (bootstrap or jackknife).

e Parameters may be specified as belonging to a monotonic series such that

for a sequence of n states

penffective — pzfgeitive + pi ) (259)

These are used to fit excited-state energies (which are expected to be monoton-
ically increasing). This simplifies the models and obviates the requirement to

impose constraints in the fit, while allowing the fitted model to remain analytic.

MultiFit uses GSL [90] nonlinear least squares optimiser for the implementation
of the Levenberg-Marquardt algorithm described in the next section. Minuit [105]

is also supported and was used for regression testing.

2.5.2 Levenberg-Marquardt

Marquardt noted that contemporary minimisation algorithms “not infrequently

[ran| aground:
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1. The Taylor series method because of divergence of the successive iterates,
2. The steepest-descent (or gradient) methods because of agonizingly slow

convergence after the first few iterations.” [100]

The Levenberg-Marquardt algorithm [106, | avoids the pitfalls of both
methods by interpolating between them. For simplicity, this section describes

uncorrelated fits. This is extended to correlated fits in § 2.5.3 below.

Consider a fit to n data points (y;, x;) where

y; = the data points being fitted (2.60)
x; = a vector of m independent variables per y; (2.61)
1=1...n. (2.62)

Each component of the consolidated fit function f; makes a prediction for y; from

the independent variables x; and the k-dimensional vector of parameters p
fi (%, p) : R™HE = R™, (2.63)

(for simplicity, f; is treated as a function of p only in the below). In order
to minimise (2.45), it is enough (for an uncorrelated fit) to minimise the cost

function ®

n

O=> (- fi)=lv— £l (2.64)
i=1

fi is approximated using a first-order Taylor series expanded about the current

guess p (adopting Einstein summation convention)

fi = fi (p) + Jij6; (2.65)
of;
Jy = a;" . (2.66)

Inserting the Taylor series and differentiating (2.64)

gj - QZ (y; = f5 (P) = Jjwdr) Jji (2.67)

=1
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and look for an improved guess p + & by setting 0®/dp; =0

J'J6 =3 (y —f(p)) . (2.68)

Defining
A=J7J (2.69)
g=J(y—f(p). (2.70)

Taylor series methods optimise d7 by solving
Aér=g, (2.71)
whereas steepest descent methods choose a direction for d, then pick a step size
6,=—-VOo. (2.72)

In both cases, algorithms generally adjust the step size |d].

Rather, the innovation in the Levenberg-Marquardt algorithm is to solve for
arbitrary A > 0

(A+A1)d =g. (2.73)

Marquardt then offers proofs for three theorems (for details see [100]):

1. &, minimises ® on an n-sphere of radius ||8]|* = ||| .

2. Calling the solution for A of (2.73) 8 ()), |6 (\)|* is a monotonically
decreasing function of lambda such that as A — oo, [|§ (A)||*> = 0 .

3. Let v be the angle between 8y and d,. Then, as A — oo, v — 0; i.e. d

rotates towards the angle of steepest descent as A grows large.

Theorem 2 shows that A is a mechanism whereby the algorithm’s search radius
can be restricted, thereby avoiding the problems of Taylor series methods. A
should be kept as small as possible, so long as we stay within a region where
the Taylor series is known to be a good approximation. Unless already at the

minimum, there is always the option of increasing A to find a search direction
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that reduces cost. By theorem 3, increasing A moves us closer to the direction of

steepest descent.

Marquardt then cites Curry’s finding [103] that steepest descent methods are
not scale invariant, i.e. that while the direction of steepest descent on n-
spherical surfaces always points to the minimum, on a hyper-ellipsoid they do
not. Countering this is straightforward — the dimensions of the p; are transformed

to an n-sphere by rescaling the diagonals of A to one

A
) .

g— g = (\/QA_) . (2.75)

Solving the rescaled (2.73) for 6(()*) allows us to recover

Soi = —Z_ . (2.76)

The search algorithm is then:

1. Start with a user-provided guess for p, e.g. A = 1072, v = 10.
2. Compute dy.

3. Compute the ratio p, where the numerator is the actual cost reduction
from (2.64) and the denominator computes the cost difference ) using
the Taylor series approximation of f; (2.65)

®(p+d0) — 2 (p)

P = D (p 1 6y) — T (p) (2.77)

4. Either

(a) If p <0, reject step.
i. Decrease radius, A — vA.
(b) Otherwise, accept step.

i. Increase radius, A — \/v.

ii. Stop if converged, i.e. the components of §y are below a minimum

(relative) tolerance.
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iii. Goto step 2.

5. Goto step 2.

In practice, there are many minor refinements.

2.5.3 Correlated fits

The estimate of the covariance matrix of the mean 25 can be expressed in terms
of the correlation matrix p by extracting the diagonal scaling matrix S with
diagonal elements S;;

~

S =SpS,  with Sy = <2§) (2.78)

This reduces the condition number of p, helping with the inversion. p is
symmetric, positive definite and square, therefore its inverse p~' = LL” can
be Cholesky decomposed into the product of a lower triangular matrix L and its
transpose. The estimate of the inverse covariance matrix of the mean is thus

) S 7 A (2.79)

X

For a correlated fit, Hotelling’s #? statistic (2.45) is used as the cost function

d=(y—£) STILLTS ™ (y — 1) (2.80)
=75y - D) . (2.81)

This can be implemented by making the transformation

y - LTSy (2.82)
f - LTS7'f, (2.83)

then proceeding as for uncorrelated fits (§ 2.5.2). For reference, in this thesis, the

-1

reciprocal condition number s __

q of matrix A is computed using the GSL library’s
[90] gs1_linalg cholesky _rcond function acting on the Cholesky decomposition
of A

— !
ond Al - AL

(2.84)
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where the one-norm of a matrix A is defined

IA]l, = max Z|aw| (2.85)

1<j<n

With the exception of the fits used to extract Zy (§ 2.6), all of the fits used in

this thesis are fully correlated.

2.5.4 Fit models

A number of standard models M, e (f) have been implemented, each of which
returns the model prediction for timeslice ¢ based on the specified values of

parameters (the set of which varies by model).

In all models:

e Series of excited-state energies are modelled as monotonic sequences per
(2.59).

e Parameter disambiguation (§ 2.5) can slightly modify the models

—e.g Ay =A; = the product As,A;, — A7,
2-point models
These three models have been designed to fit 2-point correlation function data

per (1.89), with: positive parity; negative parity; or ignoring around-the-world

effects, respectively

Nexp—1
A nA'Ln _

Mgsn (t) = > #e EnT/2 cosh (B, (T2 — t)) (2.86)
n=0 n
et Ay, A

M (t) = Z %e_EnTﬂ sinh (E,, (T/2 —1t)) (2.87)
n=0 n
" A nAzn

Moy (1) = D =5 e 0 (2.88)
n=0 n
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Model parameters are as described near (1.89), with the addition that

Nexp = the number of terms appearing in the tower of states. (2.89)

3-point model

This model has been designed to fit 3-point correlation function data per (1.130),

ignoring around-the-world effects and for the case ¢; <t <ty

Ao, - , (it
My (1) = L (o[ 0) e Pro () et (2.90)
7,00
Ao, .
+0 (Nexp — 2) # (O|V,|1) e Bro(ts=t) o= Eia(t=t) (2.91)
ApiAip | o
+ 6 (Nexp — 2) 4Ef’1—E,O (1|V},|0) o~ Erats—t) o—Eiolt—t:) (2.92)
Fatio
Apa i - - _ L (t—t;
0 (e = 8) e (VL) Bra(ts=t) = Buali=td - (2.93)
where
. . 1 ¢t>0
0 (t) = Heaviside step function = (2.94)
0 t<0

and ney, allows inclusion of singly- and doubly-excited (in addition to ground-

ground) matrix elements.

2.5.5 Correctness tests

Comparison with other fit codes

A comparison of results when fitting the same data between MLU code and a

collaborator’s code was also performed:

e Six 2-point correlation functions of the same pseudoscalar meson: ALL —
ALS; ALS — ALS; PLL - PLS; PLS — ALL; PLS — ALS; and PLS — PLS.

e ‘P’ = pseudoscalar (v5); ‘A’ = axial (7475); ‘L’ = local; and ‘S’ = smeared.

e These are simultaneously fitted to a 2-state model for each meson.
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Solver precision set to le—7.

Test performed 3-Jul-2022.

22 timeslices are used from each correlation function.

For this fit, the same covariance matrix was used.

Regression test of MLU fit code against collaborator’s fit code using same data

and covariance matrix. Fit results agree on each bootstrap sample (see tables 2.10

and 2.11).
Replica FEjy EMLU E, EMLU
0 0.968121128 0.968121117 1.410854418 1.410851762
1 0.967999101 0.967999098 1.412129688 1.412128599
2 0.967926192 0.967926192 1.386049653 1.386049496
3 0.968034948 0.968034948 1.397297793 1.397298099
4 0.968037807 0.96803782 1.408385175 1.408385891

Table 2.10 Comparison of ground and first excited-state

with MLU fit results B}V and EMEU.

energies Fy and Ej

Replica ALLg

ALLMLY

ALL,4

ALLMLU

0 03.13848567 53.13847947  55.99497714  55.99441649
1 53.10157214 53.10157024 56.07354905 56.0733176
2 53.04026734 53.04026681 51.41680222 51.41677699
3 53.09851766  53.098518 52.06335909  52.06341802
4

53.10120683

53.10121274

55.41869795

55.41879188

Table 2.11 Comparison of ground and first excited-state overlap coefficients

ALLy and ALLy with MLU fit results ALLY*Y and ALLMEU.

Comparison between GSL and Minuit2

This test uses the MLU fit code, comparing results when calling GSL |
fig 2.4) vs Minuit2 |

] (see
| (see fig 2.5) libraries. Test performed 10-Aug-2020.
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In both cases a simultaneous two state (ground- and first excited-state) fit is
performed to two correlation functions for the same pseudoscalar meson using

two different smearings.

Loading folded correlators

File Operators: PP PW
Fit Operators: PP PW

Correlated GSL fit on timeslices 11 to 17 using 2 Open MP threads
trust-region/levenberg-marquardt with numeric derivatives

Tolerance 1e-07. Using uncorrelated fit as guess for each replica.
Correlated fit 1 on central replica, calls 9, chi”2 13.27484686092
dof 8, chi~2/dof 1.659355857616, Stop: step size, £()=80, df ()=0

EO 0.9971303491739 +/- 0.0009133870886602
E1 1.41003775569 +/- 0.09523896790729
PPO 30.70610395934 +/- 0.2351339598434
PWO 12491.95697198 +/- 102.9579358186
PP1 44.49192135972 +/- 18.53882408405
PW1l -6235.662718102 +/- 4410.502568491

Mon Aug 10 11:46:57 2020. Total duration 0.0 seconds.

Figure 2.4 Correlated fit results using GSL cf fig 2.5

Correlated Minuit2 fit on timeslices 11 to 17 using 2 Open MP threads
Tolerance 1e-07. Using uncorrelated fit as guess for each replica.
Correlated fit 4 on central replica, calls 30, chi”2 13.27484686063
edm 5.572096917176e-17, dof 8, chi“2/dof 1.659355857578

EO 0.9971303477 +/- 0.000911081920224
E1 1.410036751443 +/- 0.08607724933247
PPO 30.70610303273 +/- 0.2274727258344
PWO 12491.95770106 +/- 101.780637291
PP1 44.49171672909 +/- 17.13430893717
PW1l -6235.65232636 +/- 4133.152257712

Mon Aug 10 11:49:42 2020. Total duration 1.0 seconds.

Figure 2.5 Correlated fit results using Minuit2 cf fig 2.4

Each fit uses a tolerance of 1077, and the GSL and Minuit2 fits agree to 7
significant figures (except first excited-state overlap coefficients, which agree to 6

significant figures).
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2.6 Renormalisation

This section presents renormalisation results prepared per § 1.4.2 and fitted per
§ 2.5. Results are tabulated in table 2.12.

heavy light mixed

Name | aFy [Ds] p-value | Zy aEy [K] p-value | Zy YAV

C1 | 1.10403(61) 0.623 | 1.037(13) | 0.30620(47) 0.411 | 0.7113(58) | 0.8590(74)

C2 | 1.10465(74) 0429 | 1.036(14) | 0.32522(57) 0.062 | 0.7319(59) | 0.8709(82)

M1 | 0.82568(57) 0.71 | 0.9964(80) | 0.22449(85) 0.63 | 0.7412(51) | 0.8594(51)

M2 | 0.82567(68) 0.078 | 1.0211(82) | 0.23064(55) 0.82 | 0.7549(60) | 0.8780(58)

M3 0.82554(62) 1.00 1.0022(96) | 0.23852(68) 0.348 0.7414(57) | 0.8620(62)
FIM | 0.72911(21) 059 | 0.9932(42) | 0.19084(22) 0.78 | 0.7639(42) | 0.8711(34)

Table 2.12 Mostly nonperturbative renormalisation results for each ensemble
(first column). For each of the heavy and light actions, we see: 1) the
ground state energy in lattice units aFy entering the Zy extraction;
2) the meson name in square brackets; 3) the Hotelling p-value of
the aFEy fit; and 4) Zy. The final column shows the mized action
Zy, computed per (1.182) taking p = 1, i.e. Zym = \/ZvpZye.

Error propagation for Zy,., comes from the bootstrap.

Examining the fitted energies in table 2.12, the D, meson masses are stable across

the coarse ensembles and again across the medium ensembles.

results from:

This stability

1. The charm quark mass having been tuned to its physical value (as described
in § 2.3.3).

2. Using fixed bare strange quark masses at each lattice spacing, separately

for sea and valence quarks (see table 2.5).

The kaon masses differ on each ensemble, reflecting the increasing bare light quark

masses used across members of the coarse and medium collections of ensembles.

Scanning the Zy columns, for both the heavy and light actions, Zy for ensembles

C1 and C2 are compatible, as are ensembles M1 and M3. However, for both

the heavy and light actions, Zy for M2 is ~ 20 higher than the other medium

ensembles. This was examined in detail (see appendix A.9 for a summary of that
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analysis) and it was concluded that this was a statistical fluctuation in the data.
Systematic effects associated with Zy were examined as global fit alternative (m)
in § 4.3.

2.6.1 7y results — all ensembles

In this section (figures 2.6 — 2.29) two diagrams are shown for each combination

of ensemble and action (heavy and light):

1. The fit to the ratio (1.176) used to extract Zy

_ oo am)

Zy = NCEION (2.95)

e Each data point estimates Zy and data points are highly correlated.

e Thinning (removing data points) brought the correlation matrix under

control, but at the expense of rejecting data points.
e An uncorrelated fit to a constant is performed in the plateau region.
e The plot shows the ratio Zy vs time ¢.
2. The 2-point correlation function fit extracting the mass ameg of the Dy
entering (1.175)
e Simultaneous fit to 2, point-sink 2-point correlation functions

— 2-exponential fit to the point-source data — left panel ‘p-p’

— l-exponential® fit to wall-source data — right panel ‘p-w’

e The plot shows the effective mass ameg vs time ¢

(2.96)

ameg (t) = In

C® (t+1)
In these fits and all subsequent fits shown in this thesis:

e Red data points are included in the fit; black data points are excluded from

the fit; and error bars show 1 standard deviation.

e Dark blue box symbols with light blue shaded error bars are the fit results.

Except on FIM and C2, where a 2-state fit was performed.
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Mostly nonperturbative renormalisation — C1
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Ensemble C1, heavy action, (2.95) Zy p, = 1.037(13) from decay of
heavy quark with strange spectator, wall separation AT /a = 24.

D, p-p D, p-w
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Ensemble C1, heavy action, effective mass entering fit, (2.96)
ameg = 1.10403(61), Hotelling p-value 0.623.

AT/a =16

t 3 ) 7 9

Ensemble C1, light action, (2.95) Zy,; = 0.7113(58) from decay of
light quark with strange spectator, wall separation AT /a = 16.

K pp K p-w
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Figure 2.9

Ensemble C1, light action, effective mass entering fit, (2.96) ameg =
0.30620(47), Hotelling p-value 0.411.
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Mostly nonperturbative renormalisation — C2
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Figure 2.10 Ensemble C2, heavy action, (2.95) Zy py = 1.036(14) from decay of
heavy quark with strange spectator, wall separation AT /a = 24.
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Figure 2.11 Ensemble C2, heavy action, effective mass entering fit, (2.96)
ameg = 1.10465(74), Hotelling p-value 0.429.
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Figure 2.12 Ensemble C2, light action, (2.95) Zy,; = 0.7319(59) from decay of
light quark with strange spectator, wall separation AT /a = 16.
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Figure 2.13 Ensemble C2, light action, effective mass entering fit, (2.96)
ameg = 0.32522(57), Hotelling p-value 0.062.
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Mostly nonperturbative renormalisation — M1

AT /a =24

1.01
1.005

Y } HHH%H%HHH M

Figure 2.14 Ensemble M1, heavy action, (2.95) Zy p, = 0.9964(80) from decay
of heavy quark with strange spectator, wall separation AT /a = 24.
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Figure 2.15 FEnsemble M1, heavy action, effective mass entering fit, (2.96)
ameg = 0.82568(57), Hotelling p-value 0.71.
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Figure 2.16 Ensemble M1, light action, (2.95) Zy,; = 0.7412(51) from decay of
light quark with strange spectator, wall separation AT /a = 16.
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Figure 2.17 Ensemble M1, light action, effective mass entering fit, (2.96)
ameg = 0.22449(85), Hotelling p-value 0.63.
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Mostly nonperturbative renormalisation — M2
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Figure 2.18

0.845

Ensemble M2, heavy action, (2.95) Zypy = 1.0211(82) from decay
of heavy quark with strange spectator, wall separation AT /a = 24.
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Figure 2.19

Ensemble M2, heavy action, effective mass entering fit, (2.96)
ameg = 0.82567(68), Hotelling p-value 0.078.
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Figure 2.20

0.28

Ensemble M2, light action, (2.95) Zy,; = 0.7549(60) from decay of
light quark with strange spectator, wall separation AT /a = 20.
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Ensemble M2, light action, effective mass entering fit, (2.96)
ameg = 0.23064(55), Hotelling p-value 0.82.
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Mostly nonperturbative renormalisation — M3
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Figure 2.22 Ensemble M3, heavy action, (2.95) Zy p, = 1.0022(96) from decay
of heavy quark with strange spectator, wall separation AT /a = 24.

0.845
0.84
0.835
0.83
0.825
0.82

AMeff

)
t11 13 15 17 1

Ds b-p

D p-w

IPEE EE A R
L3

.

4
i,,,?

9 21 23 25 27

29 12 1

4 16 18 20 22 24 26 28

Figure 2.23 Ensemble M3, heavy action, effective mass entering fit, (2.96)
ameg = 0.82554(62), Hotelling p-value 1.00.
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Figure 2.24 Ensemble M3, light action, (2.95) Zy,; = 0.7414(57) from decay of
light quark with strange spectator, wall separation AT /a = 20.
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Figure 2.25 FEnsemble M3, light action, effective mass entering fit, (2.96)
amg = 0.23852(68), Hotelling p-value 0.348.
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Mostly nonperturbative renormalisation — F1M
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Figure 2.26 Ensemble F1M, heavy action, (2.95) Zy, p, = 0.9932(42) from decay
of heavy quark with strange spectator, wall separation AT /a = 24.
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Figure 2.27 Ensemble F1M, heavy action, effective mass entering fit, (2.96)
ameg = 0.72911(21), Hotelling p-value 0.59.

AT/a =20
0.77 ‘ ‘
0.768 |
0.766 - )
L 0.764 F¢ | - . SN S T B S S S S e
N 0.762 - )
0.76 |
0.758 |
0.756 ‘ | ‘ ! w ‘ ! :

Figure 2.28 FEnsemble F1M, light action, (2.95) Zy,; = 0.7639(42) from decay
of light quark with strange spectator, wall separation AT /a = 20.

K pp K p-w

022 @ T T T T T T T T T T T T T T T T T T T T

0.215 1 i

021 - ® 1 i
=0.205 - 1 i
= 02+ w + 1
S 0.195 ¢ Toey, s - ]

0.19 —————— ’%@@-%B%ﬂﬁggﬁgi%———;@Emmwwiz

0.185 |- T~ s -

1 1 1 1 1 1 1 1 1 1 1 1 1 $| 1 1 1 1 1 1 1

8
t81012141618202224 26283032 6 8 101214 16 18 20 22

Figure 2.29 FEnsemble FI1M, light action, effective mass entering fit, (2.96)
ameg = 0.19084(22), Hotelling p-value 0.78.
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Chapter 3

Per ensemble form factor results

This chapter presents results for the extraction of form factors on each ensemble

and is structured as follows:

e The ratios of 2- and 3-point correlation functions from which the vector
current matrix elements of interest will be extracted are presented in § 3.1,

before outlining the general fit procedure applied to every ensemble.
e Matrix element results are presented for one ensemble in detail in § 3.2.

— Starting with the 2-point functions in § 3.2.1.
— The matrix element extraction at n? = 0 is presented in § 3.2.2.
— Matrix element extraction for non-zero momenta on the same ensemble

follow a similar procedure and are presented together in § 3.2.3.

e For all other ensembles the 2-point function and n? = 0 matrix element fit
results are presented in § 3.3, where, for brevity, the non-zero momentum

matrix element fit results have been moved to appendices A.1 to A.5.

e A summary of the mostly nonperturbatively renormalised matrix elements

at each momenta on each ensemble are presented in table form in § 3.4.

e Results for the fully nonperturbative renormalisation correction factors p

are presented in § 3.5 for each ensemble.

e The fully nonperturbatively renormalised form factor results for each

ensemble are presented in § 3.6.
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The results from this chapter are then fed into a global fit as outlined in chapter 4.

In terms of the order of presentation of the data for each of the six ensembles,
first the data for the finest ensemble are presented. Then, for each of the
other ensembles, the zero-momentum data are presented, relegating non-zero
momentum matrix element fit figures to the appendix for reference. The
advantage of presenting the most precise data with the finest increments of

momenta in detail is that the exposition is clearer.

One disadvantage to this approach is that, on all other ensembles, the matrix
elements extracted at each momenta asymptotically approach the same value for
large wall separations. No order of presentation would be perfect and the reader
is invited to compare results for multiple ensembles at the appropriate point in
§ 3.2.2.

3.1 Vector current matrix element extraction

Analogously to the ratio (1.176) used to get access to the matrix element to
extract Zy, ratios of 2 and 3-point correlation functions are formed to extract

the matrix elements of the mostly nonperturbatively renormalised vector current.

Using definitions C'i(;’)“ (1.137), C; (1.175) and A; (1.86), we define the ratio R}

0(3)# (tzat7t , Piy P )
R (ti,t, g, Py py) = Zy AAy =it 07 D20 T (3.1)
Cp, (t = ti,pi) Cp, (t; —t,Py)
in order that for large enough wall separations AT /a = ty — t;, i.e. where

the ground states dominate, the ratio R gives the renormalised vector matrix

elements

Ry = (Py (pr)V" (a)|P; (p2)) - (3:2)

RY are produced for all Fourier momenta p; covering the physically allowable

kinematic range (holding p; = 0) for a range of wall separations AT /a.

90



The R4 data are then fitted simultaneously for multiple wall separations using
n-state models for the 2 and 3-point functions. For the 3-point function we ignore

around-the-world effects and consider only the case where ¢, <t < t¢

ArmA;
3)p,model fim<in —Efm(ts— —Ein(t—t;
O™ = Y S (P Ve ) Bt (3

m,n

where we truncate the sum over states m,n by specifying Ney,

1, ground state only
Nexp = 4 2, ground + singly-exited states , (34

3, ground + singly- 4+ doubly-exited states

where
ground state =m = 0,n =0 (3.5)
m=0n=1
singly-excited states = (3.6)
m=1,n=0
doubly-excited states=m =1,n =1, (3.7)
and we use n = 2-state fits for the C
Crott = " AppAipe ™t (3.8)

3.1.1 Ratio fit procedure

This section outlines the fitting procedure and the rationale for choices made,

before the ratio fit results themselves are presented § 3.2.

The fit procedure presented here was developed iteratively. As the data on each
ensemble were fitted, we found principles that applied generally across all of the
data in this thesis. As this procedure was expanded, fit range selections were

refined across all ensembles and momenta.

This fitting procedure applies to all data points on all ensembles, with some
variations as noted. These guidelines serve as a starting point for fit selections,

which are then tailored in each fit to obtain best results.
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(a) Two-step fits. It was not possible to simultaneously fit the 2- and
3-point data while maintaining p-values above the rejection threshold.

Remembering the discussion near (2.48), if

p = number of data points in the fit (3.9)
r = number of parameters in the model (3.10)
p’ = fit degrees of freedom = p —r (3.11)
n’ = number samples in the estimate of 3g, (3.12)

then there must be more data points than parameters to fit, i.e.

p>r, (3.13)

and the estimate of the covariance matrix must also have been constructed

using more data samples than there are degrees of freedom in the fit, i.e.
p' < n' <72 (on the F1M ensemble). (3.14)

The 2-point data were fitted first, with those results fed into the 3-point
data fits as an input. This had the advantage that 3-point fits could all
share the same D fit results (overlap coefficients and energies) replica by

replica.

(b) Permutation-invariant cost function. The definition of the cost
function 2.45 is invariant under a permutation of the data points entering
the fit. The cost, for example, of three data points each contributing
a 2-0 component to the cost is the same whether those data points are
consecutive or equally spaced throughout the fit. However, under some
circumstances, our knowledge of physics gives reason to reject a specific
ordering — such as the case of a fit to a 2-point correlation function where
significant contributions to the fit cost ®; from early timeslices indicate
excited-state contamination which is poorly modelled by the fit form. In

such cases, we use our knowledge of physics to reject such fits.

(c) Ds 2-point fit. The same D 2-point, zero-momentum, point-source, point-
sink, 2-state fit enters all of the ratio fits on each ensemble. The wall-source,
point sink data are simultaneously fitted to a single exponential model in
the region of the plateau. On the finest ensemble (F1M) the wall-source

data are fitted to a two-state model.
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(d) Kaon 2-point fit. Kaon energies and overlap coefficients are needed
at each of the Fourier momenta for which there are 3-point data. Best
results were obtained by fitting the point-source, point-sink kaon data
simultaneously for all momenta and enforcing the lattice dispersion relation.
For higher momentum kaon data, this results in small error bars. However,
low statistics meant that it was otherwise very difficult for the fitter to
consistently identify the ground state energies. In some cases, it was
necessary to thin (i.e. drop data points) from the fit to keep the correlation
matrix under control. Where this was necessary, only the non-zero-

momentum correlation functions were thinned (except on F1M).

(e) Prefer singly-excited 3-point fits. For all ratio fits, singly-excited states
are included in the three-point models, Neyp = 2 (3.4). Doubly-excited
states are also included where this improves the quality of the fits, i.e.
where at least some of the doubly-excited matrix elements are sufficiently

resolved from zero. The choice of Ny, is made per ensemble.

(f) Simultaneous, multiple wall-separations. At least two (and preferably
three) wall separations AT/a are fitted simultaneously. We prefer to
include larger wall separations (near plateau), but will discard noisy wall

separations with large statistical errors.

(g) Data points straddle curvature. Where possible, data points are
preferred from each ratio covering both the rising and falling trend, as
are more rather than fewer data points. We prefer not to use data points

closer to the source or sink than the relevant 2-point fit.

(h) Thinning used minimally. Preference is given to smaller fit ranges, from
which all data points are used. Thinning is used as a second choice in the
small number of cases where reducing fit ranges fails, e.g. kaon 2-point fits

and a small number of ratio fits on the M3 ensemble.

(i) Multiple fit choices possible. It must be possible to select multiple fit
ranges, using data from different combinations of wall-separations, which

result in compatible fits — i.e. fit results within 1-o of the chosen fit.

Results for each ensemble are reported in the following sections, starting with the

finest ensemble (F1M), which is presented in detail.
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3.2 Ensemble F1M fit results

First, results for the 2-point function fits entering the ratio fit in § 3.2.1 are
presented, followed by detailed matrix element fit results at n? = 0 in § 3.2.2,

and matrix element fit results at n? # 0 in § 3.2.3.

A summary of the results for the F1M matrix elements is presented in table 3.1,

which is deferred to § 3.4 where results for all ensembles are collated.

3.2.1 F1M 2-point functions

Following the ratio fit procedure in § 3.1.1, the masses, energies and overlap
coefficients for the D, and kaon are extracted from separate, multicorrelator fits.

In all cases, data from point-sink correlation functions are fitted.

There is a degree of freedom in the fit form in the choice of sign of the point
overlap coefficient, Ap,, which is constrained in the fit to be positive. This

applies to all ensembles.

F1M D, 2-point fit

Fig 3.1 shows results of the preferred fit for the D; on ensemble F1M. The
point- and wall-source correlation functions (both with a point sink) are fitted
simultaneously to a 2-state (ground and first excited-state) cosh model (2.86).
Both correlation functions are well described by the 2-state model from timeslice
13 to timeslices 28 and 29 respectively, after which there is a statistical ripple in
the data.

Using both the point- and wall-source data simultaneously gave the best results
for quality and stability of the fit. Axial data are included in the plot for reference,

but are not included in the final fit selection.

We ensure that the fit results are insensitive to variations in the fit start and stop
times for both correlation functions. A scan over multiple fit ranges is included

at appendix A.7.
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p—val amgo ami tp—ﬁt Ap70 Ap,l tw—ﬁt AW,O AWJ

0.97 0.72885(29) 0.979(14) | 13-28 46.07(17) 55.1(4.4) | 13-29  54244(350) -41651(4500)

Figure 3.1 Effective mass am.g (t + %) = InCP( /C (t+1) vst, for 2-
point Ds correlation function fit on ensemble F]M Szmultaneous
2-exponential fit to point source on timeslices tp-fit 13-28 and 2-
exponential fit to wall source on timeslices tw-fit 13-29. Hotelling
p-value for the fit is 0.97, with extracted masses am, and overlap
coefficients Aoy, shown in the table above. Grey band is the fitted
ground-state mass (amg). Yellow points are the axial data for
reference only (i.e. not included in fit).

The error on the fitted result is slightly smaller than the error on the data points
entering the fit at early timeslices. The fit error grows towards larger timeslices
but is less than half the error on the data points at greatest times. This is as
expected, i.e. fit error is constrained more by the error on the most accurate data
points entering the fit. Furthermore, the fit is to a fully correlated exponential
decay over many timeslices, whereas the plot is an estimate of the effective mass

ameg timeslice by timeslice

ameg (t + %) =In C® (t)/C(z) (t+1). (3.15)

F1M kaon 2-point fit

In the case of the kaon, the effective energies and overlap coefficients are required
at each Fourier momentum. As per the D, the point- and wall-source data are

fitted separately at each momentum. However, for larger integer lattice momenta
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n?, the correlation function data have large statistical ripples and obtaining fit
results which are insensitive to large fit range changes proves challenging. See
fig 3.2 for a simultaneous fit to the kaon point- and wall-source data at n? = 6 —

the largest integer Fourier momentum on this ensemble.

point-point point-wall

044 - ¥ —+ -
0.42 | ® ] T ! .
04 ~ \%§§ ] T IT 1 -
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Figure 3.2 Effective energy aFE.y = In c® (t + 1)/0(2) (t) ws t, for simultan-
eous fit to point- and wall-source kaon 2-point correlation function at
a single integer lattice momentum n? = 6. The point-source data are
fitted on timeslices [7,23] to a 2-state model, while the wall-source
data are fitted on timeslices [12,20] to a 1-state model. The grey band
shows the fitted ground state energy aFy = 0.3756(40) with Hotelling
p-value 0.57. Yellow points are the axial data for reference only (not
included in fit). This F1M fit was not used in the final result.

While there is no reason to expect that data on all ensembles should be described
by the same dispersion relation, in practice it can. We performed a separate study
which found that both the ground and first excited-state energies extracted from
separate fits at each Fourier momenta are consistent with the lattice dispersion
relation (2.2) on all ensembles. Results for this preliminary study are included at
appendix A.8. We concluded that, while enforcing the use of the lattice dispersion
relation in the kaon fits does introduce lattice artefacts into the analysis, the
global fit includes terms which quantify discretisation effects, hence taking the

chiral continuum limit nevertheless gives the correct result.

Thus, our global fit strategy is to perform separate simultaneous fits to the point-
and wall-source data at each momentum in order to determine appropriate fit
ranges. However, for the final kaon fit, the point-source data are simultaneously

fitted at every momentum while imposing the lattice dispersion relation to
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constrain the energy levels at each non-zero momentum.

In order to bring the correlation matrix under control for this ensemble, it

was necessary to thin the data, including every second timeslice from the zero-

momentum correlation function in the fit and every third timeslice thereafter. Fit

results are shown in fig 3.3.
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% 10 14 18 22 26 309 13 17 21 25 8 12 16 2@ 12 16 2@ 12 16 26 10 14 18 22 266 10 14 18 22

n2 CLEO aE1 Ap70 Ap71 t-fit

0.19084(28) 0.643(20) 29.12(11) 77.2(5.3) T7:8-30:2

1 0.23109(23) 0.656(20) 29.20(11) 76.2(5 9) 10;11-26:3

2 0.26521(20) 0.668(19) 29.24(13) 73.9(5.1) 9:;10-19:3

3 0.29534(18) 0.679(19) 28.90(16) 77.7(5.6) 9;10-19:3

4 0.32215(17) 0.691(18) 29.06(16) 73.9(5 1) 9:10-19:3

5 0.34724(15) 0.702(18) 28.65(22) 77.3(4 3) 7,8-26:3

6 0.37057(14) 0.713(18) 28.83(22) 75.2(4.3) T7:8-23:3

Figure 3.3 Effective energy aE.g = In C (t+ 1)/0(2) (t) ws t, for 2-point

kaon correlation function fit on ensemble F1M. Simultaneous 2-
exponential fit to point source correlation functions for all Fourier
momenta on timeslices t-fit 7;8-30:2 (n> =0), 10;11-26:3 (n*> = 1),
9;10-19:3 (n* = 2), 9;10-19:3 (n? = 3), 9;10-19:3 (n* = 4), 7;8-
26:3 (n®> =5) and 7;8-23:83 (n® = 6). Hotelling p-value for the fit is
0.128, with fitted energies al, and overlap coefficients Aoprn shown
in the table above.
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The following syntax was adopted to describe fit ranges. A fit range is a sequence
of 1 or more, semicolon-separated sub-ranges of the form “tgart[-tend[:7nin]]” - tstars
is the starting timeslice and t.,q is the optional ending timeslice in a range of
timeslices. For a range, ng, optionally indicates that every nn,-th timeslice
will be kept. For example, the fit ranges “7-9;11-17:3” and “7:;8;9;11;14;17” are

equivalent.

By including data points from each integer lattice momentum n?, data points
with widely varying relative error are included. The variance on the fitted result
is most constrained by the most precise data points entering the fit. While at
n? = 0 the variance of the fitted result is commensurate with that of the data,

for n? = 6 the fit variance is much smaller than that of the data.

3.2.2 F1M matrix element n2 =0

The masses, energies and overlap coefficients for the D, and kaon from the 2-state
fits are then used in a simultaneous fit to Rs (3.1) for multiple wall separations
AT /a. On this ensemble, doubly-excited states are included in the 3-point
models, i.e. Nexp =3 (3.4).
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Figure 3.4 Temporal component of mostly nonperturbatively renormalised ratio
R3 wvs t, for Dy — K at n®> = 0 on ensemble F1M. Simultaneous
fit to wall separations AT/a 24 and 28 on timeslices 13-16
and 13-20, respectively. The grey band is the matrixz element
(K|v4 (n* =0)|Ds) = 0.9065(62). Hotelling p-value for the fit is
0.62, with excited-state matriz elements shown in table 3.1.
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The preferred fit is shown in fig 3.4, which is a simultaneous fit to the R3 ratio
(3.1) for wall separations AT /a € {24,28 }. Comparing the data points entering
the fit (red) with the fit results (blue) we observe several indicators of high quality:

1. The central values of the fitted function coincide with the central values of
the data within 1o.

2. The excited-state model of R3 matches the curvature of the data points
within each wall separation. That is, a) there are fitted data points either
side of the maximum within each wall separation; and b) there is no evidence
of any significant bias away from the midpoints at either end of the two blue

fit curves.

3. The excited-state model of R3 models the effects of wall separation very well.
That is, the multiple ¢ shift in the R3 maximum between wall separations
AT/a = 24 and AT/a = 28 (i.e. from ~0.85 to ~0.88, respectively,

showing excited-state contamination at these wall separations) is tracked.

The dashed line with the grey error band at the top of fig 3.4 is the fit result for
the ground-state matrix element. For large enough wall separations, we expect
the peak in R3 to asymptotically approach the ground-state matrix element. It
is a feature of this finest ensemble that the R3 ratio peak does not actually reach
the ground-state matrix element determined by the fit, even for the largest wall

separations AT /a = 32.

For comparison with fig 3.4, a fit to wall separations AT /a € { 28,32} is shown in
fig 3.5. The value for the ground state matrix element from this fit is 0.9055(57),
which is compatible with the preferred fit. In addition, the R3 peak is closer
to the ground state matrix element for AT /a = 32 than AT /a = 28 — i.e.
excited-state contamination reduces asymptotically for larger wall separations,

but excited-state contamination is still present.
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Figure 3.5 Fit to wall separations AT /a € {28,32} on timeslices [14,19] and
[15,22] respectively and otherwise as described in fig 3.4. The grey
band shows the fitted result for (K|vs(n®=0)|Ds) = 0.9055(57)
(Hotelling p-value 0.96), compatible with the preferred fit, fig 3.4.

From these two fit results, the value extracted for the ground state matrix element
is certainly plausible, but it would be more convincing if we saw R3 approach the
ground state matrix element. For all other ensembles, R3 approaches the matrix
element for larger wall separations. The reader is invited to compare this fit with
the equivalent for ensemble M1 in § 3.3.1 or indeed for any of the other ensembles
in § 3.3.2, 3.3.3, 3.3.4 or 3.3.5.

The reason R3 does not approach the matrix element on the fine ensemble is
the lattice spacing. The maximum wall separation of AT /a = 32, is 2.33 fm in
physical units. Other ensembles show that R3 does approach the ground state
matrix element at around 2.65 fm, i.e. AT /a = 32 on the medium ensembles

and AT /a = 28 on the coarse ensembles.

It is a strength of the work in this thesis that matrix elements are extracted from
fits at narrower wall separations, thus ensuring the statistical variance of the
fitted matrix elements is minimised. Nevertheless, by producing data for wider
wall separations, fitted results can be directly compared with uncontaminated Rj3

results to ensure the excited state modelling in the fits is correct.
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3.2.3 F1M matrix elements n?> # 0

For n? # 0, we have access to both the temporal and spatial matrix elements.
Preferred fits for the temporal matrix elements for n?> € {1,2,3,4,5,6} are
plotted in figures 3.6, 3.8, 3.10, 3.12, 3.14 and 3.16 respectively. Preferred fits
for the spatial matrix elements for n? € {1,2,3,4,5,6 } are plotted in figures 3.7,
3.9, 3.11, 3.13, 3.15 and 3.17 respectively.

F1M matrix elements n? = 1
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Figure 3.6 Temporal component of mostly nonperturbatively renormalised ratio

R3 vs t, for Dy — K at n®> = 1 on ensemble F1M. Simultaneous

fit to wall separations AT /a 24, 28 and 32 on timeslices 13-16,

13-20 and 13-24, respectively. The grey band is the matriz element

(K|ys (n®* =1)|Ds) = 0.8085(51). Hotelling p-value for the fit is

0.47, with excited-state matriz elements shown in table 3.1.
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Figure 3.7 Spatial component of mostly nonperturbatively renormalised ratio Rs

vs t, for Dy — K at n®> = 1 on ensemble F1M. Simultaneous fit
to wall separations AT /a 20, 24 and 28 on timeslices 12;13, 13-
16 and 16-20, respectively. The grey band is the matriz element
(K|vi (n* =1)|Ds) = 0.2602(37). Hotelling p-value for the fit is
0.98, with excited-state matriz elements shown in table 3.1.
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Figure 3.8 Temporal component of mostly nonperturbatively renormalised ratio

Rs wvs t, for Dy — K at n® = 2 on ensemble F1M. Simultaneous
fit to wall separations AT/a 24 and 28 on timeslices 13-16
and 13-20, respectively. The grey band is the matrixz element
(K|vs (n* =2)|Ds) = 0.7639(74). Hotelling p-value for the fit is
0.89, with excited-state matriz elements shown in table 3.1.
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Figure 3.9 Spatial component of mostly nonperturbatively renormalised ratio Rs
vs t, for Dy — K at n®> = 2 on ensemble F1M. Simultaneous fit
to wall separations AT /a 20, 24 and 28 on timeslices 12;13, 13-
16 and 16-20, respectively. The grey band is the matriz element
(K|vi (n* =2)|Ds) = 0.2225(33). Hotelling p-value for the fit is
0.93, with excited-state matriz elements shown in table 3.1.
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Figure 3.10 Temporal component of mostly nonperturbatively renormalised
ratio Ry wvs t, for Dy — K at n?> = 3 on ensemble F1M.
Simultaneous fit to wall separations AT /a 20, 24 and 28 on
timeslices 12;13, 13-16 and 13-20, respectively. The grey band is
the matriz element (K|vs (n* = 3)|D,) = 0.6966(87). Hotelling p-
value for the fit is 0.64, with excited-state matriz elements shown

in table 3.1.
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Figure 3.11 Spatial component of mostly nonperturbatively renormalised ratio

Rs wvs t, for Dy — K at n® = 3 on ensemble FIM. Simultaneous
fit to wall separations AT /a 20, 24 and 28 on timeslices 12;13,
13-16 and 16-20, respectively. The grey band is the matriz element
(K|vi (n* = 3)|Ds) = 0.1932(31). Hotelling p-value for the fit is
0.69, with excited-state matriz elements shown in table 3.1.
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Figure 3.12 Temporal component of mostly nonperturbatively remormalised

ratio Rs wvs t, for Dy — K at n®> = 4 on ensemble F1M.
Simultaneous fit to wall separations AT Ja 24 and 28 on timeslices
13-16 and 13-20, respectively. The grey band is the matriz element
(K|ys (n®* =4)|Ds) = 0.666(11). Hotelling p-value for the fit is
0.30, with excited-state matriz elements shown in table 3.1.
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Figure 3.13 Spatial component of mostly nonperturbatively renormalised ratio
Rs wvs t, for Dy — K at n® = 4 on ensemble FIM. Simultaneous
fit to wall separations AT /a 20, 24 and 28 on timeslices 12;13,
13-16 and 16-20, respectively. The grey band is the matriz element
(K|vi (n* = 4)|Ds) = 0.1701(41). Hotelling p-value for the fit is
0.57, with excited-state matriz elements shown in table 3.1.
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Figure 3.14 Temporal component of mostly nonperturbatively remormalised
ratio Rs wvs t, for Dy — K at n®> = 5 on ensemble F1M.
Simultaneous fit to wall separations AT Ja 24 and 28 on timeslices
13-16 and 13-20, respectively. The grey band is the matriz element
(K|ys (n* =5)|Ds) = 0.645(14). Hotelling p-value for the fit is
0.98, with excited-state matriz elements shown in table 3.1.
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Figure 3.15 Spatial component of mostly nonperturbatively renormalised ratio
R3 vs t, for Dy — K at n?> = 5 on ensemble F1M. Simultaneous
fit to wall separations AT /a 20, 24 and 28 on timeslices 12;13,
13-16 and 16-20, respectively. The grey band is the matriz element
(K|vi (n* =5)|Ds) = 0.1604(56). Hotelling p-value for the fit is
0.89, with excited-state matriz elements shown in table 3.1.

F1M matrix elements n? =6
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Figure 3.16 Temporal component of mostly nonperturbatively remormalised
ratio Rs wvs t, for Dy — K at n®> = 6 on ensemble F1M.
Simultaneous fit to wall separations AT Ja 28 and 32 on timeslices
16-20 and 20-24, respectively. The grey band is the matriz element
(K|y4 (n* =6)|Ds) = 0.613(22). Hotelling p-value for the fit is
0.43, with excited-state matriz elements shown in table 3.1.
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Figure 3.17 Spatial component of mostly nonperturbatively renormalised ratio
Rs wvs t, for Dy — K at n® = 6 on ensemble FIM. Simultaneous
fit to wall separations AT /a 24 and 28 on timeslices 13-16

and 16-20, respectively.

The grey band is the matriz element

(K|vi (n* = 6)|Ds) = 0.1377(77). Hotelling p-value for the fit is
0.99, with excited-state matriz elements shown in table 3.1.

3.3 Matrix element results other ensembles

Results for the 2-point correlation function fits and matrix element fits at zero

momentum are presented in the following subsections. Figures showing the matrix

element fits at non-zero momenta for ensembles M1, M2, M3, C1 and C2 are

deferred to appendices A.1 to A.5, respectively. A summary of results for matrix

elements at all momenta on all ensembles is presented in § 3.4.

3.3.1

Ensemble M1 fit results

Results for 2-point function and matrix element fits are presented below.
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M1 two point functions
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Figure 3.18 Effective mass amg(t+3) = In c® (t)/C(Q) (t+1) vst, for 2-
point Dy correlation function fit on ensemble M1. Simultaneous
2-exponential fit to point source on timeslices tp-fit 10-28 and 1-
exponential fit to wall source on timeslices ty-fit 15-28. Hotelling
p-value for the fit is 0.71, with extracted masses am, and overlap
coefficients Aopn shown in the table above. Grey band is the fitted
ground-state mass (amg). Yellow points are the azial data for
reference only (i.e. not included in fit).

The same procedure is followed for the D, on this and subsequent ensembles as for
the F1M ensemble, except that for the wall-source, we fit to a single-exponential
model. The largest region possible is fitted while still maintaining fit stability
for small variations of fit ranges. The results of the preferred fit for the D, on

ensemble M1 is shown in fig 3.18.
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Figure 3.19 Effective energy aEoz = In O (¢t + 1)/0(2) (t) wvs t, for 2-point
kaon correlation function fit on ensemble M1. Simultaneous 2-
exponential fit to point source correlation functions for all Fourier
momenta on timeslices t-fit 6-18 (n® =0), 6-18:2 (n?> = 1), 6-18:2
(m? =2), 6-16:2 (n®> = 3) and 7-19:2 (n®> = 4). Hotelling p-value
for the fit is 0.454, with fitted energies aF,, and overlap coefficients
Aopn shown in the table above.

The same procedure is followed for the kaon fit as for the F1M ensemble. However,
with fewer data points in the fit, we do not need to thin the data for n? = 0.

Results of the preferred fit for the kaon on ensemble M1 are shown in fig 3.19.

M1 matrix elements

Whereas on the fine ensemble the maximum wall separation 7'/a = 32 was 2.33

fm, on the medium ensembles, the same integer wall separation in lattice units is
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a physical length of 2.65 fm. The same procedure is followed on the medium and
coarse ensembles as for F1M, but there is unambiguous access to a plateau in Rj3

and/or smaller wall separations (in integer lattice units).

The preferred fit for the temporal vector current at n? = 0 is shown in fig 3.20.

For larger wall separations, R3 approaches the ground state matrix element.
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Figure 3.20 Temporal component of mostly nonperturbatively renormalised
ratio R3 vst, for Dy — K atn?® = 0 on ensemble M1. Simultaneous
fit to wall separations AT /a 24, 28 and 32 on timeslices 11-18,
11-22 and 11-26, respectively. The grey band is the matrixz element
(K|ys (n® =0)|Ds) = 1.0516(93). Hotelling p-value for the fit is
0.555, with excited-state matriz elements shown in table 3.2.

Matrix element fits for non-zero momenta are included in appendix A.1.

3.3.2 Ensemble M2 fit results

Following the same procedure as for previous ensembles, the results for ensemble
M2 of the preferred fit for the kaon are shown in fig 3.21, for the D in fig 3.22
and for the matrix element of the temporal component of the vector current at
n? = 0 in fig 3.23. Matrix element fits for non-zero momenta are included in

appendix A.2.
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Figure 3.21

Effective energy aE.g = In c® (t + 1)/0(2) (t) wvs t, for 2-point
kaon correlation function fit on ensemble M2. Simultaneous 2-
exponential fit to point source correlation functions for all Fourier
momenta on timeslices t-fit 6-20 (n* =0), 6-9;11-19:2 (n* = 1), 7-
10;12-20:2 (n* = 2), 7-10;12-18:2 (n* = 3) and 6-9;11-15:2 (n® =
4). Hotelling p-value for the fit is 0.643, with fitted energies aE,

and overlap coefficients A,y shown in the table above.
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Figure 3.22 Effective mass amg(t+3) = In c® (t)/C(z) (t+1) vst, for 2-

1.1

1.05

R3

0.95

0.9

point Dy correlation function fit on ensemble M2. Simultaneous
2-exponential fit to point source on timeslices tp-fit 10-26 and 1-
exponential fit to wall source on timeslices ty-fit 19-26. Hotelling
p-value for the fit is 0.078, with extracted masses am, and overlap
coefficients Aoy shown in the table above. Grey band is the fitted
ground-state mass (amg). Yellow points are the azial data for
reference only (i.e. not included in fit).
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Figure 3.23 Temporal component of mostly nonperturbatively renormalised

ratio R3 vst, for Dy — K atn® = 0 on ensemble M2. Simultaneous
fit to wall separations AT /a 24, 28 and 32 on timeslices 11-18,
11-22 and 11-26, respectively. The grey band is the matrix element
(K|v4 (n* = 0)|Ds) = 1.0559(92). Hotelling p-value for the fit is
0.488, with excited-state matriz elements shown in table 3.5.
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3.3.3 Ensemble M3 fit results

Following the same procedure as for previous ensembles, the results for ensemble
M3 of the preferred fit for the kaon are shown in fig 3.24, for the D, in fig 3.25

and for the matrix element of the temporal component of the vector current at

n? = 0 in fig 3.26. Matrix element fits for non-zero momenta are included in

appendix A.3.
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1 0.30901(49) 0.780(31) 22.29(15) 53.8(4.8) 6-20:2
2 0.36496(42) 0.802(30) 22.25(18) 53.9(4.5) 6-18:2
3 0.41312(36) 0.824(29) 22.11(19) 53.0(4.9) 7-17:2
4 0.45440(33) 0.843(28) 21.78(28) 56.1(4.6) 7-15:2

Figure 3.24 Effective energy aE.p =

InC® (t+1)/CP (t) vs t, for 2-point

kaon correlation function fit on ensemble M3. Simultaneous 2-
exponential fit to point source correlation functions for all Fourier
momenta on timeslices t-fit 6-21 (n® =0), 6-20:2 (n?> = 1), 6-18:2
(m? =2), 7-17:2 (n® = 3) and 7-15:2 (n®> = 4). Hotelling p-value
for the fit is 0.68, with fitted energies aFy, and overlap coefficients
Aopn shown in the table above.
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Effective mass amg (t+3) = In c® (t)/C(Q) (t+1) vst, for 2-
point Dy correlation function fit on ensemble MS3. Simultaneous
2-exponential fit to point source on timeslices tp-fit 10-24 and 1-
exponential fit to wall source on timeslices ty-fit 18-24. Hotelling
p-value for the fit is 1.00, with extracted masses am, and overlap
coefficients Aoy shown in the table above. Grey band is the fitted
ground-state mass (amg). Yellow points are the azial data for
reference only (i.e. not included in fit).
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Figure 3.26 Temporal component of mostly nonperturbatively renormalised

ratio R3 vst, for Dy — K atn® = 0 on ensemble M3. Simultaneous
fit to wall separations AT /a 20, 24 and 28 on timeslices 10-14, 11-
17:2;18 and 11-21:2;22, respectively. The grey band is the matrix
element (K|v4 (n* = 0)|Ds) = 1.064(10). Hotelling p-value for the
fit is 0.64, with excited-state matriz elements shown in table 3.4.
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3.3.4 Ensemble C1 fit results

Following the same procedure as for previous ensembles, the results of the

preferred fit for the D, on ensemble C1 are shown in fig 3.27.
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Figure 3.27 Effective mass amg(t+3) = In c® (t)/C’(z) (t+1) vst, for 2-
point Ds correlation function fit on ensemble C1. Simultaneous
2-exponential fit to point source on timeslices tp-fit 6-27 and I-

exponential fit to

wall source on timeslices tyw-fit 14-27. Hotelling

p-value for the fit is 0.623, with extracted masses am, and overlap

coefficients Aopp

shown in the table above. Grey band is the fitted

ground-state mass (amg). Yellow points are the azial data for
reference only (i.e. not included in fit).

The same procedure is followed for the kaon fit as for previous ensembles, however,

statistics are such (n’ = 160 independent samples, the largest across all our

ensembles) that there is no need to thin the data.

The results of the preferred fit for the kaon on ensemble C1 is shown in fig 3.28.
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Figure 3.28 Effective energy aEoz = In O (¢t + 1)/0(2) (t) wvs t, for 2-point
kaon correlation function fit on ensemble C1. Simultaneous 2-
exponential fit to point source correlation functions for all Fourier
momenta on timeslices t-fit 6-23 (n* = 0), 6-23 (n®> = 1), 5-20
(m? =2), 5-20 (n®> = 3) and 5-18 (n®> = 4). Hotelling p-value for
the fit is 0.1197, with fitted energies aFy, and overlap coefficients
Aopn shown in the table above.

On the coarse ensembles, wall separation 7'/a = 24 ~ 2.65 fm — similar to the
wall separation 7'/a = 32 on the medium ensembles. The same procedure is

followed as for previous ensembles, but using smaller wall separations.

The preferred fit for the temporal vector current at n? = 0 is shown in fig 3.29.

116



14 T T T T T T T T T T T T T T T T T T

o — e,

1.3+
1.25 | y 1 : 1 ? |
1.2+ j

1.15 + i + | 1 i 1

R3
)—‘H
|
—e—

11+ & T3 T % ,

1.05|||| I N NN N B I N NN N ER R R
ts5 7 9 11 5 7 9 11 13 15 5 7 9 11 13 15 17 19

Figure 3.29 Temporal component of mostly nonperturbatively renormalised
ratio R3 vst, for Dy — K atn? = 0 on ensemble C1. Simultaneous
fit to wall separations AT /a 16, 20 and 24 on timeslices 6-11, 6-
14 and 6-18, respectively. The grey band is the matriz element
(K|ys (n* =0)|Ds) = 1.346(14). Hotelling p-value for the fit is
0.256, with excited-state matriz elements shown in table 3.5.

Matrix element fits for non-zero momenta are included in appendix A.4.

3.3.5 Ensemble C2 fit results

Following the same procedure as for previous ensembles, the results for ensemble
C2 of the preferred fit for the kaon are shown in fig 3.30, for the D, in fig 3.31
and for the matrix element of the temporal component of the vector current at
n? = 0 in fig 3.32. Matrix element fits for non-zero momenta are included in

appendix A.5.
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Figure 3.30 Effective energy aE.p = In c® (t + 1)/0(2) (t) wvs t, for 2-point
kaon correlation function fit on ensemble C2. Simultaneous 2-
exponential fit to point source correlation functions for all Fourier
momenta on timeslices t-fit 5-20 (n®> =0), 6-22:2 (N> =1), 5-19:2
(m? =2), 6-20:2 (n® = 3) and 5-17:2 (n®> = 4). Hotelling p-value
for the fit is 0.474, with fitted energies aF,, and overlap coefficients

Aopn shown in the table above.
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Figure 3.31 Effective mass amg(t+3) = In c® (t)/C(z) (t+1) vst, for 2-
point Ds correlation function fit on ensemble C2. Simultaneous
2-exponential fit to point source on timeslices tp-fit 8-24 and 1-
exponential fit to wall source on timeslices ty-fit 13-24. Hotelling
p-value for the fit is 0.429, with extracted masses am, and overlap
coefficients Aoy shown in the table above. Grey band is the fitted
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Figure 3.32 Temporal component of mostly nonperturbatively renormalised
ratio R3 vst, for Dy — K atn® = 0 on ensemble C2. Simultaneous
fit to wall separations AT /a 16, 20 and 24 on timeslices 9;10, 10-

18 and 10-17, respectively.

The grey band is the matrix element

(K|v4 (n* = 0)|Ds) = 1.405(16). Hotelling p-value for the fit is
0.837, with excited-state matriz elements shown in table 3.6.
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3.4 Matrix element summary - all ensembles

The ground and excited-state matrix elements extracted via the Rj3 ratio fits at
each integer lattice momentum n? for each of the ensembles are shown in tables 3.1

to 3.6 below.

(K|v4|Ds) (KlvilDs)
n? p gnd-gnd gnd-ex ex-gnd ex-ex P gnd-gnd gnd-ex ex-gnd ex-ex
0 | 0.62 0.9065(62) -0.657(79)  0.50(11) 6.8(8.0)
1 | 0.47 0.8085(51) -0.150(62)  0.39(12) 14.1(4.2) | 0.98 0.2602(37) -0.712(62)  0.119(70)  -0.5(1.4)
2 | 0.89 0.7639(74) -0.153(87)  0.223(99)  5.8(5.4) 0.93  0.2225(33)  -0.496(51)  0.034(45)  0.9(1.1)
3 | 0.64 0.6966(87)  0.16(10) 0.53(12)  -0.9(1.9) | 0.69  0.1932(31)  -0.348(52)  0.107(39)  -0.18(93)
4 | 0.30 0.666(11) 0.040(94)  0.37(11) 2.0(5.3) 0.57  0.1701(41)  -0.284(59)  0.044(38)  1.63(94)
5 | 0.98 0.645(14) -0.09(14) 0.400(81)  2.1(4.9) 0.89  0.1604(56) -0.281(88)  0.021(50)  1.5(1.2)
6 | 0.43  0.613(22) -0.79(70) 0.65(13) -19(15) 0.99  0.1377(77)  -0.09(12) 0.026(57)  2.4(1.9)

Table 3.1 Ground (gnd) and excited-state (ex) matriz elements for all integer
lattice momenta n® on ensemble F1M. The individual fits are shown
in § 3.2.2 and 3.2.5.

(K|v4|Ds) (K|v;i|Ds)
n? p gnd-gnd gnd-ex ex-gnd ex-ex P gnd-gnd gnd-ex ex-gnd ex-ex
0 0.555 1.0516(93) -0.77(23) 0.18(18) -26(38)
1 0.230 0.902(12) -0.365(74) 0.17(13) 17(41) 0.334 0.3363(66) -0.64(11) 0.42(14) -10(10)
2 0.296 0.801(14) -0.00(17) 0.73(19) -35(51) 0.58 0.2701(59) -0.401(93) 0.23(11) -10.9(8.6)
3 0.169 0.765(25) -0.12(37) 0.65(21) -80(64) 0.27 0.2238(89) -0.26(12) 0.13(11) -1.6(4.6)
4 1.00 0.691(28) 0.06(31) 0.63(22) -3.2(9.9) 0.35 0.187(10) -0.15(15) 0.22(12) -3.1(4.1)

Table 3.2 Ground (gnd) and excited-state (ex) matriz elements for all integer
lattice momenta n® on ensemble M1. The individual fits are shown
in § 3.3.1 and appendiz A.1.

(K|v4|Ds) (K|vilDs)

n p gnd-gnd gnd-ex ex-gnd p gnd-gnd gnd-ex ex-gnd

0 | 0.488  1.0559(92) -1.02(49)  0.49(11)

1 0.725  0.920(11) -0.35(13)  0.33(10) | 0.145  0.3298(54)  -0.89(26)  0.255(67)
2 | 0.49 0.830(14) -0.03(15)  0.38(15) | 0.85 0.2527(55)  -0.31(12)  0.367(83)
3 | 0.37 0.762(17) 0.05(24)  0.60(15) | 0.60 0.2250(75)  -0.27(14)  0.126(95)
4 | 0.22 0.767(21) -0.03(21)  0.31(10) | 0.27 0.1974(91)  -0.48(21)  0.150(88)

Table 3.3 Ground (gnd) and excited-state (ex) matriz elements for all integer
lattice momenta n® on ensemble M2. The individual fits are shown
in § 3.3.2 and appendiz A.2.
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(K|v4|Ds) (K|vi|Ds)

n P gnd-gnd gnd-ex ex-gnd P gnd-gnd gnd-ex ex-gnd

0o | 064 1.064(10)  -0.51(14) 0.12(11)
0.41 0.915(12)  -0.023(97)  0.29(12) 0.53  0.3353(54)  -0.533(78)  0.051(50)

=

2 | 0.525 0.834(12) 0.118(73)  0.431(95) | 0.55  0.2752(47)  -0.326(60)  0.024(36)
3 | 0.98 0.782(19)  0.15(10) 0.19(12) 0.70  0.2357(64)  -0.257(63)  0.051(45)
4 | 0.66 0.752(21)  0.11(22) 0.46(14) 0.65  0.2082(75)  -0.089(51)  0.057(38)

Table 3.4 Ground (gnd) and excited-state (ex) matriz elements for all integer
lattice momenta n® on ensemble M3. The individual fits are shown
in § 3.5.3 and appendiz A.3.

(K|v4|Ds) (K|vilDs)

n P gnd-gnd gnd-ex ex-gnd P gnd-gnd gnd-ex ex-gnd

0 | 0.256  1.346(14) -0.473(40)  1.58(30)

1 0.246  1.169(14)  0.25(11) 1.28(25) | 0.213  0.4290(68)  -1.09(17)  0.43(12)

2 0.42 1.090(16)  0.141(74)  0.46(13) | 0.38 0.3475(74)  -0.49(13)  0.248(89)
3 0.62 0.982(22)  0.39(14) 0.80(15) | 0.521  0.2976(71)  -0.37(11)  0.199(73)
4 | 0.49 0.964(35)  0.90(27) 0.13(40) | 0.91 0.272(10) -0.48(17)  0.105(84)

Table 3.5 Ground (gnd) and excited-state (ex) matriz elements for all integer
lattice momenta n? on ensemble C1. The individual fits are shown in

§ 3.3./ and appendiz A.J.

(K|v4|Ds) (K|v:i|Ds)
n? p gnd-gnd gnd-ex ex-gnd ex-ex p gnd-gnd gnd-ex ex-gnd ex-ex
0 0.37 1.405(16)  0.12(20)  0.42(68) 14(28)
1 0.46 1.214(20)  0.36(28)  -0.29(72)  176(130) | 0.189  0.4344(80) -0.59(15)  0.28(14) -0.2(6.7)
2 0.32 1.069(21) 0.39(16) 0.08(34) 50(21) 0.84 0.3599(84) -0.40(10) -0.17(19) 7.2(6.0)
3 0.098  1.031(31)  0.44(25)  0.97(37) -9(12) 0.78 0.294(12) -0.18(12)  0.27(18) 3.3(4.9)
4 0.66 0.955(50) 0.37(63) 0.65(47) 13(16) 0.145 0.257(13) 0.01(12) 0.107(89) 1.8(4.7)

Table 3.6 Ground (gnd) and excited-state (ex) matriz elements for all integer
lattice momenta n? on ensemble C2. The individual fits are shown in
§ 3.3.5 and appendiz A.5.

3.5 Fully nonperturbative RI-SMOM"»
renormalisation

The fully nonperturbative RI/SMOM determination of the ratios (1.178)—(1.180),

as per § 1.4.2, presented in this section was not performed by the author of this

thesis. Results from the study described in [109] are reproduced in table 3.7 by

kind permission of Rajnandini Mukherjee.
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ZV,Z ZV,h ZV,m _ ZV,In
Ensemble 7 7o 7 u/GeV  p= e
C1 0.95510(12) 0.96007(20) 0.96256(28) 1.982  1.00520(32)
C2 0.95454(19) 0.95986(16) 0.96218(37) 1.982  1.00520(41)
M1 0.96399(21) 0.96606(27) 0.96904(45) 1.985  1.00416(50)
M2 0.96398(17) 0.96617(21) 0.96915(39) 1.985  1.00423(43)
M3 0.96361(24) 0.96602(32) 0.96886(55) 1.985  1.00420(61)
F1M 0.96566(11) 0.96815(15) 0.97063(26) 2.005  1.00385(28)
Table 3.7 RI/SMOM determination of the ratios (1.178)—(1.180), per § 1./.2.

Data provided by Rajnandini Mukherjee [109]. p is the renormal-
isation scale for p on each emsemble. p is a multiplicative factor
which can be applied to the mostly nonperturbatively remormalised
matrix elements extracted in the previous sections to make them
fully nonperturbatively renormalised. FError quoted for p assumes
uncorrelated errors in component ratios.

The renormalisation ratios p in table 3.7 are available at a range of renormal-
isation scales pu. Over the range 2-3 GeV, the p vary by around 1 per mille.
Error associated with the choice of renormalisation scale is subleading, and for
the purpose of this analysis the lowest renormalisation scale p available on each

ensemble (see table 3.7) has been used.

3.6 Fully nonperturbatively renormalised form

factors

Now that the temporal and spatial matrix elements have been extracted
First the fully

nonperturbatively renormalised correction factor p from table 3.7 is applied

at each Fourier momenta, the form factors are assembled.

(K(p)[Va]Ds (0)) = p (K(p)|nal|Ds (0))

P (3.16)
(K(p)|Vi|Ds (0)) = p (L(p)[%]Ds (0)) .

(3.17)
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Following § 1.4.3 we compute f (1.220) and f, (1.221):

(K(p)|V4| D (0))

fi(Ep) = s (3.18)
_ (K(p)|Vi|Ds (0)) aN,
f1(Ep) = oo 2rn,, (3.19)

being careful to remember that the integer Fourier momentum component n,
in the denominator of (3.19) has already been applied in the definition of the
spatially averaged 3-point correlation function C’f?i = (K(p)|v|Ds (0)) (2.6)

fi(Ep) = Smp. 2r (3.20)
We then compute f; and f; using (1.222) and (1.223)
9 1
f+ (@) = NCTT (fi (Ep) + (mp — Ep) f1L (Ep)) (3.21)
o () = 0 (o = Er) fy (Er) + (B —mi) o (Er) . (322)

Table 3.8 collects the fitted D, masses amp, from previous sections and shows
the fully nonperturbatively computed Zy,, (i.e. after applying the correction p
from table 3.7 to the Zy ‘p:l from table 2.12).

Name amp, ZVm
Cl  1.10403(61) 0.8635(75)
C2  1.10465(74) 0.8754(83)
M1  0.82568(57) 0.8630(52)
M2  0.82567(68) 0.8817(58)
M3 0.82554(62) 0.8656(62)
FIM  0.72885(29) 0.8744(34)

Table 3.8 Values entering the form factors on each ensemble Dy meson masses
amp, and fully nonperturbative renormalisation factors Zy,, for the
mixed action.

Tables 3.9-3.14 show form factor results at each momentum on each ensemble.
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n®  aBg (aq)® (K|ValDs)  (K|VilDs)  fjva fL/va o fo fr

0 0.19084(28)  0.28946(40)  0.9099(62) 0.7537(52) 0.9894(67)  0.6242(43)

1 0.23109(23)  0.23078(34)  0.8116(51) 0.2612(37)  0.6722(42)  1.652(23)  0.8849(55)  1.238(11)

2 0.26521(20)  0.18104(30)  0.7668(74) 0.2233(33)  0.6351(61)  1.413(21)  0.8355(76)  1.069(10)

3 0.20534(18)  0.13713(28)  0.6993(87) 0.1939(32) 0.5792(72)  1.227(20)  0.7648(88)  0.920(11)

4 0.32215(17)  0.09805(25)  0.669(11) 0.1707(41)  0.5540(92)  1.080(26)  0.727(11) 0.823(13)

5  0.34724(15)  0.06148(23)  0.647(14) 0.1610(56) 0.536(12) 1.019(35)  0.709(14) 0.766(16)

6  0.37057(14)  0.02747(22)  0.615(22) 0.1382(78)  0.509(18) 0.875(49)  0.661(21) 0.681(22)

Table 3.9 Fully nonperturbatively renormalised form factor results for ensemble
FIM. At each integer lattice momentum n?, the kaon energy aFy
and the Ds; mass amp, from table 3.8 are used to compute the
current momentum (aq)? per (1.203). The fully nonperturbatively
renormalised temporal and spatial matriz elements (K|V4|Ds) and
(K|Vi|Ds) are then used to compute f), fi, fo and fy per (3.18),
(3.19), (3.21) and (3.22).

n®  aEg (aq)? (K|V4|Ds)  (K|Vi|Ds)  fiva fi/va fo ft

0 0.22506(78) 0.3607(11) 1.0560(93) 0.8217(72) 1.0050(88) 0.6395(57)

1 0.29772(59)  0.24075(80) 0.905(12) 0.3377(66) 0.7046(91)  1.339(26)  0.861(11) 1.098(16)

2 0.35551(49) 0.14532(65) 0.804(14) 0.2712(59) 0.626(11) 1.075(24) 0.765(12) 0.880(13)

3 0.40485(43)  0.06385(56)  0.768(25) 0.2248(89)  0.597(20) 0.891(36)  0.717(20) 0.757(21)

4 0.44695(38)  -0.00567(48)  0.694(28) 0.188(10) 0.540(22) 0.744(41)  0.642(21) 0.639(21)

Table 3.10 Form factor results for ensemble M1 (same format as table 3.9).

n®  aBg (aq)® (K|V4|Ds)  (K|Vi|Ds)  fiva fi/va fo ft

0 0.23052(59) 0.35421(97) 1.0604(92) 0.8252(72) 1.0040(87) 0.6421(57)

1 0.30184(45) 0.23643(78) 0.924(11) 0.3312(54) 0.7189(89) 1.313(22) 0.872(10) 1.095(13)

2 0.35895(37) 0.14213(67) 0.834(14) 0.2538(55) 0.649(11) 1.006(22) 0.775(11) 0.870(13)

3 0.40785(33) 0.06137(59) 0.766(17) 0.2259(76) 0.596(13) 0.895(30) 0.716(15) 0.755(16)

4 0.44965(29) -0.00765(52) 0.770(21) 0.1982(92) 0.599(17) 0.786(36) 0.700(20) 0.696(20)

Table 3.11 Form factor results for ensemble M2 (same format as table 3.9).

n?  aBg (aq)? (K|ValDs)  (K|VilDs)  fva fi/va  fo i

0 0.23988(64)  0.34300(96) 1.068(10) 0.8314(81) 1.0027(97)  0.6470(63)

1 0.30901(49)  0.22886(75)  0.919(12) 0.3367(54)  0.7154(92)  1.335(21)  0.865(11) 1.093(13)

2 0.36496(42)  0.13649(63)  0.837(12) 0.2764(47)  0.6516(96)  1.096(19)  0.789(10) 0.900(11)

3 0.41312(36)  0.05697(55)  0.785(19) 0.2367(64)  0.611(15) 0.938(25)  0.737(16) 0.776(17)

4 0.45440(33)  -0.01120(48)  0.755(22) 0.2090(75)  0.588(17) 0.828(30)  0.703(16) 0.697(16)

Table 3.12 Form factor results for ensemble M3 (same format as table 3.9).
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n®  aBg (aq)® (K|ValDs)  (K|VilDs)  fjva fL/va o fo fr

0  0.30601(47)  0.6368(11) 1.353(14) 0.9108(92) 0.9599(98)  0.6129(62)

1 0.40046(35)  0.42829(90)  1.175(14) 0.4312(68)  0.7909(94)  1.109(18)  0.8325(96)  1.057(13)

2 0.47578(29)  0.26197(78)  1.095(16) 0.3493(74)  0.737(11) 0.898(19)  0.769(10) 0.876(13)

3 0.54006(26)  0.12005(69)  0.987(22) 0.2991(71) 0.664(15) 0.769(18)  0.696(13) 0.739(13)

4 0.59320(23)  0.00271(62)  0.969(35) 0.273(11) 0.652(24) 0.703(27)  0.680(19) 0.681(19)
Table 3.13 Form factor results for ensemble C1 (same format as table 3.9).

n®  aBg (aq)? (KIValDs)  (K|Vi|Ds)  fva fi/va  fo i

0  0.32589(61)  0.6065(13) 1.412(16) 0.950(11) 0.987(11)  0.6392(73)

1 0.41569(47)  0.4081(11) 1.220(20) 0.4366(80) 0.821(13)  1.122(21)  0.854(13)  1.072(15)

2 0.48853(40)  0.24715(93) 1.074(22) 0.3618(85)  0.723(14)  0.930(22)  0.758(13)  0.872(14)

3 0.55120(35)  0.10869(82) 1.036(31) 0.296(12) 0.697(21)  0.760(30)  0.715(19)  0.752(20)

4 0.60326(32) -0.00633(73)  0.960(50) 0.259(13) 0.646(34)  0.664(33)  0.661(27)  0.659(27)

Table 3.14 Form factor results for ensemble C2 (same format as table 3.9).
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Chapter 4

Momentum and lattice spacing
dependence of semileptonic decay

form-factors via global fit

This section sets out how the final result is constructed from per-ensemble results.

4.1 Chiral continuum fit inputs

The D, — K form factor results from § 3.6 are now fitted to the chiral continuum
fit form (1.243), (1.244) and (1.245) presented in § 1.4.4:

fx (B, M2, a?) = € (BL) + £ (EBp, M2, a?) (4.1)
with
(cont) . A ‘<2 & "
x - (Er)= N Avyx Cxo0t+ nz:; €X,n—1 ( A ) (4.2)
and
A 5f(Ms)—5f(Mp)>
(lat) S 2 iy Uy
Ep, M, - 4.3
* ( g ¢ ) Er + Ay x €x,0 ( (47rf7r)2 (43)
AM?
+ Cx1 A27r + dX (aA)2] . (44)
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In addition to the per ensemble form factor results from chapter 3, there are
a number of physical inputs to the fit taken from the PDG [25], starting with

1 P
physical meson masses MP _  for

MP, =139.57039(18) MeV (4.5)
MPF, = 134.9768(5) MeV (4.6)
MP = isospin average of 7= and 7 (4.7)
= (2MP, + M%) /3 =138.03919(33) MeV (4.8)
My =493.677(16) MeV (4.9)
MP, = 497.611(13) MeV (4.10)
M} = average of K* and K, (4.11)
= 495.644(21) MeV (4.12)
Mp, = M}, =1.96835(7) GeV (4.13)
Mp, = 2.343(10) GeV (4.14)
M3 g010y= = 2.01026(5) GeV (4.15)
Mg*(%o?)o = 2.00685(5) GeV (4.16)
MP, = average of D*(2010)* and D* (2007)" (4.17)
= 2.008555(50) GeV (4.18)
Mg*0(2317)j: = 2.3178(5) GeV (4.19)
Mg;i = 2.1122(4) GeV (4.20)
and the pion decay constant
fr =130.19(89) MeV . (4.21)
Data for inverse lattice spacing for each ensemble from table 2.3 [1]
1.7848(50) GeV (1, C2
a”' =1{2708(10)GeV  FIM ~ (4.22)

2.3833(86) GeV M1, M2, M3

For each of the above, a random bootstrap sample is created using the normal
distribution and the mean and standard distribution listed. Unique numbers are

used for the seed for each distribution to avoid cross-correlations.
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As set out in § 3.6, the scale A is set at

A=1GeV. (4.23)

4.1.1 Pion mass fits

The pion masses entering the global fit are taken from separate simultaneous fits
on each ensemble to both the point- and wall-source zero momentum pion 2-point

correlation functions.

M/ MeV
Name ngiate My p-value | fit ref [1]
C1 1 0.19005(57) 0.68 339.3(1.4) 339.76(1.22)
2 1 0.24161(59) 0.067 | 431.2(1.6) 430.63(1.38)
M1 1 0.12640(58) 0.305 | 301.2(1.8) 303.56(1.38)
M2 2 0.14991(53) 0.87 | 357.3(1.7) 360.71(1.58)
M3 2 0.17056(59) 0.522 | 406.5(2.0) 410.76(1.74)
FIM 2 0.08536(33) 0.376 | 231.2(1.3) 232.01(1.01)

Table 4.1 Pion mass fits on each ensemble. The number of states in each fit is
indicated in Ngiare (it was not possible to fit an excited-state on each
ensemble). The effective pion mass in lattice units am, (2.96) and
p-value for the fit are shown for each ensemble. This is converted to
physical units m, in the ‘fit’ column and this can be compared with
prior results [/] in the ‘ref’ column.

Fitted pion masses are shown in table 4.1 together with reference values for the
pion masses on these ensembles from other studies with greater statistics. The
fits themselves are shown in figures 4.1 to 4.6. The fits describe this data set well,
and agree with results from prior determinations with higher statistics [1] within

lo in most cases, extending to 20 on ensembles M2 and M3.
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Ensemble M1 pion mass: am; = 0.12640(58); m, = 301.2(1.8)
MeV; 1-state fit; Hotelling p-value = 0.305; as described in fig 4.1.
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Figure 4.6 FEnsemble FIM pion mass: am, = 0.08536(33); m, = 231.2(1.3)
MeV; 2-state fit; Hotelling p-value = 0.8376; as described in fig 4.1.
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4.1.2 Imposing the constraint f, (0) = f, (0)

Data for both form factors on all ensembles are fitted simultaneously so that we

can impose the chiral continuum limit constraint (1.242)

£ (0) = £ (0) - (4.24)
The fit form is dehberately constructed as the sum of a continuum piece, chont ,
and a lattice piece, f 5 (Contalnmg the pion mass mistuning and lattice spacing
dependency), with a view to imposing (4.24) as a constraint in the fit. Using
(1.204) and the physical masses of the Dy and the K, we define
(Mp,)" + (M)’

= D . (4.25)

Eo = EL
=0 2MTp,.

Imposing (4.24) as the constraint and rearranging for ¢, g, we can impose the

constraint in the fit by making cy ¢ the derived constant

71E2+6+n1(@> (4.26)

NE,0

00+Z€0n 1 <@)

c o EO + Aacy,+
0T By + Ao

It is important to note that at ¢g, identical information is present in the
data points for fy; and f,, because they are constructed from the same linear
combinations of fy and f| (see § 1.4.3).

This places an important restriction on the data points that can be used in the
global fit. For points “near” ¢g, the data for either fy or f. can be used — but
not both. That is, ¢ = q¢ = fo — f+, hence attempts to use both datapoints

in the fit prevent the correlation matrix from being invertible.

In practice, of the 58 data points available (32 for fy and 26 for f,), the five data
points for fy (n? = 4) on ensembles C1, C2, M1, M2 and M3 were not sufficiently
independent from the corresponding data points for f, (n? = 4) to include both
in the global fit.

For clarity of presentation, the sections below present global fit results for the 53
data points remaining after excluding these 5 data points. Details of other global

fit options considered are deferred to § 4.4.
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4.1.3 Fit covariance matrix

The estimate of the covariance matrix for the global fit is constructed from 10,000

bootstrap replicas per (2.57).

In the large statistics limit, there cannot be correlations between data points
on different ensembles. If the full covariance matrix is constructed this is what
is found — i.e. numerically small correlations across ensembles (compared with
the correlations within ensembles). These numerical fluctuations are excluded by

constructing the correlation matrix as a block diagonal per ensemble.

Within each ensemble, the data points are sorted first by form factor, then by
Fourier momentum. Changing the sort order made no material difference to the

fit. This sort order was retained in order to ensure reproducibility.

The condition numbers (see § 2.5.3) of the block diagonal components of the
correlation matrix used in the global fit and for the full matrix itself (table 4.2)
indicate that errors in the numerical inverse should be low, giving confidence in

the fit cost function and p-value.

Name 7! Nsamples Nyata
C1 1.97 x 1073 160 8
C2 2.23 x 1073 128 8

FIM  6.44 x 1074 72 13
M1 2.53 x 1073 128 8
M2 1.72 x 1073 128 8
M3 1.35x 1073 120 8

Global 4.21 x 1073 160 53

Table 4.2 Reciprocal condition numbers (see § 2.5.3) for the block diagonal
components of the full covariance matrix for each ensemble. ‘Global’
is the reciprocal condition number for the full covariance matrix used
in the fit, i.e. with cross-ensemble components set to 0. The numbers
of measurement samples Nggmpies and data points Ngq, entering the
fit is shown for each ensemble. Conservative estimates of Hotelling
p-value in the global fit are based on the maximum number of samples,
160.
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In § 2.4.3, the number of independent samples enters the computation of the
Hotelling p-value (2.52). We seek a prescription for how to report p-values in this

case when combining datasets with different underlying numbers of samples.

We look at the transformation from Hotelling’s t? statistic into the f-statistic
(2.51) (dropping the dashes)

f= %t? (4.27)

Differentiating with respect to the number of samples n

of _ _p=1
o p(n—1)°
>0 for p > 1, (4.29)

t? (4.28)

i.e. for any given number of fit degrees of freedom p > 1 and test statistic ¢2,
the f-statistic increases for larger numbers of samples n. Given that the p-value
(2.52) is an integral from f to infinity of the F-distribution (which is positive

everywhere), larger f-statistics result in smaller Hotelling p-values.

Thus, our prescription is to report conservative p-values using the largest number
of samples contributing to a combined dataset and accept or reject our null

hypothesis based on the usual criteria (accept for p > 0.05 in this thesis).

4.2 Chiral continuum correlated fit results

Fit results for the preferred fit, a fully correlated fit to a linear fit form with
npx = 1, are shown in tables: 4.3 parameters; 4.4 statistical summary; and 4.5

form factors at gy and ¢?,,. Discussion of other options is deferred to § 4.4.

form factor Co 1 do €
fo 0.781(20) | 0.328(83) | -0.224(58) | 0.128(14)
i 0.829(11) | 0.180(72) | -0.184(46) | -0.150(11)

Table 4.3  Global chiral continuum fit results. Parameters match fit form (4.1).
Parameter cy o (blue) is implemented as a constraint per (4.26), not
a free parameter. The expansion in Er /A is linear, i.e. np x = 1.
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Table 4.4 shows that the global fit has an acceptable Hotelling p-value. As noted
at the end of § 4.1.2, 5 data points have been cut from the fit (on the basis they

are not independent) leaving 53 data points in the fit.

Nuaata | Nparam | v | t2 | Hotelling p-value
53 7 46 | 2.04 0.0543

Table 4.4 Statistical summary of chiral continuum fit: number of data points
Niata; number of parameters Npgram; number of degrees of freedom
v = Nggta — Nparam; Hotelling test statistic per degree of freedom t2;
and Hotelling p-value.

The correlation matrix for the fitted parameters is shown in fig 4.7. For
parameters ¢; (parameterising the pion mass mis-tuning) and dy (parameterising
discretisation errors) we observe that correlations appear to be independent of
form factor (i.e. rows or columns involving ¢; or dy repeat twice) —i.e. input pion

masses and discretisation effects are global in nature and positively correlated.

fplus-e0
fplus-d0
fplus-c1

fplus-cO

f0-c1

f0-c0

f0-d0
f0-e0

Q -
S o
=] =3

fplus-c0O
fplus-c1
fplus-d0
fplus-e0

Figure 4.7 Correlation matriz of fitted parameters. Parameters names consist
of the form factor (‘f0’ for fo or ‘fplus’ for fi) followed by a hyphen

and the parameter name.
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Table 4.5 shows form factors extrapolated to kinematic points g and ¢2_, .

Ix (¢?) result(stat) 0%

fo(0) = f.(0) | 0.6557(75) 1.1%
fo (¢2a) 1.000(10)  1.0%
I () 1.592(16)  1.0%

Table 4.5 Form factors at kinematic points qo = 0 and ¢2,,, from chiral
continuum fit results in table 4.3. The result for each form factor
fx (q2) is shown with statistical errors in brackets. The 0% column
shows the relative statistical error expressed as a percentage.

Form factor fit results covering the entire kinematic range are shown in fig 4.8
and fig 4.9. Data points shown are the raw data points entering the fit. The
cont

continuum fit result f)(( ) (4.2) is the brick-red line with the blue statistical

error band.

The kinematic point gy — associated with maximum recoil of a physical-mass
max = 1.0466 GeV [using (1.204) and data from § 4.1] — is
indicated with the vertical dotted line. The vertical dashed line indicates the

physical zero recoil point @22 where EL =mb..

final-state kaon, EY-

It is worth noting that the leftmost six data points in fig 4.8 are zero-momentum
kaons (one for each ensemble). Reading off their masses from the horizontal scale,

we see they are all heavier than physical (vertical dashed line).

The rightmost 5 data points in fig 4.9 for the ensembles C1, C2, M1, M2 and
M3 lie close to gy and just outside the physical (¢* > 0) region. For reasons
explained at the end of § 4.1.2, they are not independent from the corresponding

data points for fy, which is why they have been excluded from fig 4.8.

The coloured, dashed trend lines are the full prediction fx = f )(font) + f ﬁat) (4.1)

for each ensemble (matching the colour in the legend). That is the coloured
trend lines show the continuum fit form with the lattice components included:
pion mass mis-tuning; chiral logs; finite volume corrections; and discretisation

effects.
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Figure 4.8 Data points entering the chiral continuum fit for scalar form factor

fo. The form factor is shown on the vertical axis, with the energy
of the final-state kaon Ex in GeV on the horizontal axis. Statistical
errors only (blue band) are shown for the continuum fit result (brick
red). Coloured, dashed trend lines show fx = )(fom) —l—f)((lat) for each
ensemble. The trend line for the C2 ensemble is underneath the
trend line for the M2 ensemble. The wvertical dotted line indicates

E}’{,mw (i.e. qo).

1.8
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Figure 4.9 Data points entering the chiral continuum fit for vector form factor

f+ (and otherwise as described in figure 4.8). The trend for ensemble
C?2 is visible immediately underneath the M2 trend.

In order to more clearly show the compatibility of each data point with the chiral

continuum fit result, in figures 4.10 and 4.11 the data points adjusted by the
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(lat)

fitted lattice corrections fy ' (4.2) are shown — with the pole removed (which

makes better use of the vertical scale). That is we plot adjusted data points f%

1.1

Er + Az x lat
o = (—A o, ( fx — f)(;‘)) . (4.30)
0.94 T T T T T T
| % :
; C2 B T ;
0.92 ! gy~ _ 5 -
. 1 :
e -
0.9 I 1 Continuum —— ] : i
T Error ¥
© 088 | 1
i :
086 [ | .
0.84 i -
0.82 :l 1 1 1 1 1
0.5 0.6 0.7 0.8 0.9 1
Ex/GeV
Figure 4.10 Plot of adjusted data points f{j (4.30) — i.e. adjusted by félat) and
with the pole removed (otherwise as described in fig 4.8). These
data points agree very well with the chiral continuum fit.
0.78 T T T T T T
0.76 [ | .
0.74 i i
072 | ! i
07 .
- 0.68 i i
l ci
0.66 I | Co o |
! FIM —&—
0.64 [ ! M1 —v— .
0.62 I | Gontinuum ——— )
i Error
0.6 11 1 1 1 1 1
0.5 0.6 0.7 0.8 0.9 1
Ex /GeV
Figure 4.11 Plot of adjusted data points f! (4.30) —i.e. adjusted by fﬂat) and

with the pole removed (otherwise as described in fig 4.8). There is
a moderate increase in tension with the global fit, however there is
still very good agreement.
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The adjusted data points agree very well with the chiral continuum fit. More
of a spread is observed in the data points near qq, however, this is unsurprising
given that these data points are constructed from 2- and 3-point functions with

the greatest Fourier momenta, i.e. the least precise data in this data set.

The data points entering the chiral continuum fit were examined very closely,
with a large number of alternate fits attempted in order to extract the f and f|
data contributing to these data points. It was not possible to improve the quality
of this fit by improving the quality of the underlying fits. Thus, it was concluded
that the spread of data points here are statistical in nature and a function of
the limited data available for this study. An estimate of systematic error due to

underlying fit choices (amongst other things) is made in the next section.

4.3 Systematic uncertainty

Systematic uncertainty is quantified by constructing a set of alternate global fits

and examining their impact on the global fit result. Alternate fits probe:

Finite volume corrections;

Pole locations;

Renormalisation;

Underlying matrix element fits; and

Data cuts.

Fit alternatives (a)—(g) consist of reasonable alternative choices that could have
been made to the reference fit. The systematic uncertainties arising from each are

added in quadrature to arrive at the systematic error quoted for the final result.

(a) Omit the finite volume correction term 6 fV (1.269)

SV (M) = 424 > 2! (||r:1||ML) : (4.31)
|0

(b) Make reasonable changes to both the vector and scalar pole masses entering

the fit. Since both the strange and charm quark fields are tuned to their
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physical masses, the mass of the light is used to interpolate between the
pole mass that should enter the fit and the equivalent meson with ¢ — s.
That is, an approximate simulated MBL“ mass is computed using residual

masses aMyes from [1, 99]

. amy + AMipeg
My = ——— (Mp« — Mp-« Mps . 4.32
Dz ams +amres ( Dzs Dz) _|— Da: ( )

Ensemble  amyeg ¢/s bare Mgg’“ Apsp  MED Ay

C1 0.003154 0.23 2337.2 327.6 20324 -10.65
C2 0.003154 0.37 2333.6 313.2 2047.1 -5.64
M1 0.0006697 0.18 2338.4 331.7 2027.6 -12.96
M2 0.0006697 0.26 2336.4 325.8 2035.7 -8.14
M3 0.0006697 0.34 23344 3171 20439 -6.05
F1M 0.0002356 0.11 2340.3 339.3 2019.6 -15.96

extremal 313.2 -5.64

Table 4.6 For each ensemble, the residual mass amyes and the ratio from (4.32)
in /s bare are shown. For each of the scalar and vector channels,
the estimate of simulated pole mass Mp+ and pole term Ags x are
shown. The extremal values of Ay x (final column) are used for pole
location fit variations.

(¢) The vector pole Ay is shifted to the extremal value from table 4.6 while
keeping the scalar pole at its physical value. It is instructive to see the
contribution to (b) arising from shifts to the vector pole. However, this
alternative is not included in the systematic uncertainty estimate to avoid

double counting.

(d) The scalar pole Ay, is shifted to the extremal value from table 4.6 while
keeping the vector pole at its physical value. Again, it is instructive to see
the contribution to (b) arising from shifts to the scalar pole. However, this
alternative is not included in the systematic uncertainty estimate to avoid

double counting.

(e) Assess the impact of the alternate Zyy, fits shown in table 4.7. This

alternative extracts Zy,;, using (2.95) for the heavy action on the medium
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ensembles using the light spectator (instead of the strange) and a wall
separation AT /a = 20 (instead of 24). Full details, see appendix A.9.

heavy light mixed
Name | aFy [Ds] p-value | Zy aEy [K] p-value | Zy YAV

M1 | 0.82568(57) 0.71 0.9964(80) | 0.22449(85) 0.63 0.7412(51) | 0.8532(76)
M2 | 0.82567(68) 0.078 | 1.0211(82) | 0.23064(55) 0.82 0.7549(60) | 0.8809(80)
M3 | 0.82554(62) 1.00 1.0022(96) | 0.23852(68) 0.348 | 0.7414(57) | 0.8636(79)

Table 4.7 Alternative fit option (e). Mostly nonperturbative renormalisation
results for medium ensembles using the light spectator to extract
Zv.hn, for comparison with reference renormalisation results in
table 2.12. Zy is computed per (1.182) taking p = 1, i.e. Zyy, =
/ Zvn Zvy. Error propagation for Zy ., comes from the bootstrap.

(f) As mentioned in § 3.1.1, one of the criteria for matrix element fit selection
is that multiple choices must be possible while retaining compatible (i.e.
within 1-0) matrix element results. This alternative assesses global fit
sensitivity to differing underlying matrix element fit results on C'1, per

table 4.8. The alternate fit range choices are listed in table 4.10.

n?  aBg (ag)? (K|Va|Dsy  (K|Vi|Ds)  fjva fi/va fo fr

0 0.30601(47)  0.6368(11) 1.355(15) 0.9119(99) 0.961(10)  0.6137(67)
1 0.40046(35)  0.42829(90) 1.138(21) 0.4457(95) 0.766(14) 1.146(24)  0.813(14)  1.058(17)
2 0.47578(29) 0.26197(78) 1.088(25) 0.3485(71) 0.732(17) 0.896(18) 0.764(15) 0.871(15)
3 0.54006(26)  0.12005(69)  0.953(34) 0.2965(74) 0.641(23) 0.762(19)  0.677(19)  0.721(18)
4 0.59320(23) 0.00271(62) 1.002(47) 0.274(10) 0.674(32) 0.705(26) 0.695(24) 0.696(24)

Table 4.8 Form factor results for alternate fits (f) on ensemble C1 for
comparison with table 4.9. For each integer lattice momentum n?,
the kaon energy aEx, Ds mass amp, and vertex momentum (aq)2
are shown. The renormalised temporal and spatial matriz elements
(K|V4|Ds) and (K|Vi|Ds) are then used to compute f, f1, fo and

f+ per (3.18), (3.19), (3.21) and (3.22).

n®  aBEg (ag)? (K|Va|Dsy  (K|Vi|Ds)  fjva fi/va fo fr

0 0.30601(47)  0.6368(11) 1.353(14) 0.9108(92) 0.9599(98)  0.6129(62)
1 0.40046(35)  0.42829(90) 1.175(14) 0.4312(68) 0.7909(94) 1.109(18)  0.8325(96) 1.057(13)
2 0.47578(29)  0.26197(78)  1.095(16) 0.3493(74) 0.737(11) 0.898(19)  0.769(10) 0.876(13)
3 0.54006(26)  0.12005(69) 0.987(22) 0.2991(71) 0.664(15) 0.769(18)  0.696(13) 0.739(13)
4 0.59320(23)  0.00271(62)  0.969(35) 0.273(11) 0.652(24) 0.703(27)  0.680(19) 0.681(19)

Table 4.9 Form factor results for reference fits on ensemble C1 (repeat of
table 3.13) (same format as table 4.8).
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reference alternate
n? AT/a t AT/a t
(K| Ds)
0 | 16,20 and 24 6-11, 6-14 and 6-18 | 20, 24 and 28  9-14, 11-18 and 13-18
1 | 16,20 and 24 8-10, 9-14 and 10-18 | 20, 24 and 28 11-12, 14-15 and 13-17
2 16 and 20 6-11 and 6-14 20, 24 and 28  8-12, 12-16 and 16-19
3 16 and 20 6-11 and 6-14 20, 24 and 28  8-14, 12-16 and 16-19
4 16 and 20 6-10 and 6-14 20 and 24 8-14 and 12-16
(K]7i| Ds)
1 | 16,20 and 24 9-11, 9-15 and 9-19 | 20, 24 and 28 12-14, 15-17 and 13-17
2 16 and 20 8-11 and 9-15 16, 20 and 24 8-11, 9-15 and 8-19
3 | 16,20 and 24 7-11, 7-14 and 7-18 | 16, 20 and 24 8-11, 9-15 and 8-19
4 16 and 20 7-11 and 9-15 16, 20 and 24 7-11, 9-15 and 8-19

Table 4.10 Comparison of the fit ranges (wall separations AT /a and timeslices
t) at each integer lattice momentum n? between the reference fit and
alternate fit (1) on ensemble C1.

(g) Omit the data points with the highest integer lattice momentum n? on both

coarse ensembles, i.e. the last rows of tables 3.13 and 3.14. Note that many

alternative fits were tested dropping different data points from different

ensembles — there was no qualitative difference to the fit results and this is

included as a representative example.

4.3.1 Data cuts

Alternatives (h)—(m) consist of omitting all data points on one or more ensembles.

These data cuts were considered unrepresentative of systematic effects and were

excluded from the final systematic uncertainty and in many cases the resulting

fit p-values are marginal. It is, nevertheless, instructive to note that for many

of these fits the impact on the global fit result is substatistical. For the most

extreme data cuts, the effect is only mildly greater than statistical error.

An alternate fit omitting all the data points on the fine ensemble (F1M) is not

included, as to do so would omit an entire lattice spacing — the finest lattice
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spacing — consisting of data with the lightest pions. Eliminating the F1M data

from the global fit would mean disregarding the most expensive data to produce

(in computer time) which is also closest to the chiral continuum limit. This was

also considered unrepresentative of systematic effects and excluded from the set

of ‘reasonable’ alternate fits.

(h)

Omit all data points on the C1 ensemble, i.e. half of the coarse lattice
spacing data and approximately 1/6th of the entire data set. After this cut
only a single coarse ensemble remains, hence all of the chiral, light-mass

dependence in the global fit is determined from the medium ensembles.
Similar to (h), but omit all data points on the C2 ensemble.

Omit all data points on the M1 ensemble, i.e. 1/3rd of the medium lattice
spacing data and 1/6th of the data set. Two medium and two coarse

ensembles remain after the cut, the effect of which is benign.
Similar to (j), but omit all data points on the M2 ensemble.
Similar to (j), but omit all data points on the M3 ensemble.

Omit data from all the medium ensembles, M1, M2 and M3, i.e. omit
approximately half the data set and an entire lattice spacing. Data from
finer and coarser lattice spacings and for both heavier and lighter simulated

pion masses remain.

4.3.2 Residual discretisation effects

(n)

The chiral continuum fit form (4.3) includes a term for discretisation effects
of O (a?). For the single, O(a) improved DWF action used in this thesis,
residual discretisation effects not included in the model are expected to be
of O (a%).

In order to quantify residual discretisation effects, the fit ansatz was
modified to include an additional term dX72a4. However, to the level of
statistical precision of the result, no residual discretisation term could be

resolved in the fit.

As a check, a power counting estimate of residual discretisation effects is

made following the procedure outlined by [36, 110]:
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o dx takes the same magnitude as dx;
e the relevant scale that enters is Aqcp = 500 MeV; and
e discretisation effects are constrained by the finest ensemble.
Results for the power counting estimate are shown in table 4.11. Given the

negligible size of these effects and the negative result in the fit, residual

discretisation effects are not included in the final systematic error.

Ix () result(stat)(disc) Odisc

er (qgaax) 1-592(16)stat(0>disc 003%
fo () 1.000(10)stat(0)gise  0.03%
fo (0) = f4 (0) | 0.6557(75)stat(2)aise  0.03%

Table 4.11 Residual discretisation effects from power counting estimate for
form factors fo and fi at the kinematic points qo and q2,,,.
Form factor result, statistical and discretisation errors shown in
‘result(stat)(disc)’, relative discretisation error per (4.33) in 0. -

4.3.3 Systematic uncertainty results

The relative error introduced by each of the alternative fits (x) is constructed
for each fit o f)(f ) as a function of the final-state kaon energy Ey, where at each

energy f)(f ) (the form factor for fit ) is compared with the reference fit using

S0 (g f;(?)(EK)—fX(EK) 4.33
e v N 39

The results are shown in figures 4.12 and 4.13, where the grey background
indicates the statistical error, and dashed and dotted lines indicate alternatives

not included in final systematic error result.

As set out in § 4.3, alternatives (h) and (m) involve large data cuts which would be
expected to differ significantly from the preferred fit results. Reassuringly these
alternatives yield results only marginally greater than 1o from the preferred fit.
Option h (dashed violet line), excluding data for the C1 ensemble, has a slightly
greater than statistical effect in fy and f, for higher kaon energies. The effect of

option m (dashed blue line), excluding data for the medium ensembles (M1, M2
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and M3), is marginally greater than statistical in the extrapolation region of fj,

i.e. low kaon energies.

1.4 \ \ \ =
Stat error ~ —---- h) omit C1 -
— a)omit sV = 1) omit C2 T
1.2 = ——— b) Ag 313 MeV, A} -5 MeV j) omit M1___--~ —
c) Ay -5 MeV k) omit M2
d) Ag 313 MeV —-=-1) omit M3
1 e) alternate Zv nn __-==--- m) omit M1IM2M3 .
—— f) alternage Cl1 fits oo=F T sesscssea n) discretisation
08 |- 8 omil Mnuc M -
- I
=06 |-
0.4
0.2
0

0.8
EK / GeV

Figure 4.12 Relative error (5f(§x) (Ex) (vertical axis, %) (4.33) associated with
each alternate fit choice (x) as a function of final-state kaon energy
Ex (horizontal axis, GeV). The grey band is the statistical error
of the reference fit. Dashed lines indicate alternatives not included
in the final fit systematic uncertainty relative error (see § 4.3).

1.6 I I I
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14 L—— @omits™ i) omit C2 |
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c) Ay -5 MeV k) omit M2 PP
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&0 Lr g Dﬂuf{ Z’fmax C7M _ - n
~
- 0.8
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=
0.6
0.4
0.2
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Figure 4.13 Relative error 5fix) (Ex) (otherwise as described in fig 4.13).

The fit characteristics are summarised in table 4.12. Hotelling p-values for some
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alternatives are marginally below threshold (o = 0.05), although the fit form

factor results are nevertheless compatible with the reference fit.

The largest contribution to systematic error comes from the use of alternative
matrix elements fits (solid blue line). As expected, in the low kaon energy region
of fi (i.e. the extrapolation region where there is no data point for f, (¢2..))
an increased sensitivity to the pole locations is seen. All of these effects are

substatistical, indicating good control over potential sources of systematic error.

In conclusion, systematic error is dominated by statistical error.

£lv |t p-H fo(0) Jo (@) | 1 (@max)

Ref | 93.783 | 46 | 2.03877 | 0.0542715 | 0.6557(75) | 1.000(10) | 1.592(16)
86.850 | 46 | 1.88805 | 0.10001 0.6564(75) | 1.002(10) | 1.596(16)

b | 96.910 | 46 | 2.10676 | 0.0406097 | 0.6575(74) | 1.001(10) | 1.582(16)
¢ | 95.562 | 46 | 2.07744 | 0.0460657 | 0.6556(74) | 1.000(10) | 1.583(16)
d |94.834 | 46 | 2.06162 | 0.0492766 | 0.6576(74) | 1.002(10) | 1.591(16)
e |93.231 | 46 | 2.02677 | 0.0570727 | 0.6545(76) | 0.999(11) | 1.590(17)
f 193.852 | 46 | 2.04028 | 0.0539274 | 0.6553(77) | 1.006(11) | 1.605(17)
g | 83.787 | 41 | 2.04359 | 0.0401691 | 0.6547(77) | 1.002(10) | 1.598(16)
h | 79.418 | 38 | 2.08997 | 0.06662 0.6469(98) | 0.994(14) | 1.586(21)
i | 80.471 | 38 | 2.11768 | 0.0249405 | 0.6585(84) | 1.001(12) | 1.594(18)
j | 83.651 | 38 | 2.20136 | 0.0170139 | 0.6562(78) | 0.997(11) | 1.588(17)
k | 58.731 | 38 | 1.54556 | 0.241283 | 0.6545(77) | 1.002(11) | 1.606(17)
1 | 83.115 | 38 | 2.18724 | 0.0181603 | 0.6560(79) | 1.003(11) | 1.592(17)
m | 43.091 | 22 | 1.9587 | 0.0350672 | 0.6564(98) | 1.002(14) | 1.610(22)

Table 4.12 Fit characteristics for the reference fit, followed by each alternative
fit. Columns are: test statistic t; degrees of freedom v; test statistic
per degree of freedom t2; Hotelling p-value p-H; fo(0) = fi (0);
fU (qgnaz) ; and f+ (qgnaa:) .

4.3.4 Final systematic uncertainty
The previous section quantified the sources of systematic uncertainty and

determined that they are substatistical effects. The systematic errors of alternate
fits (a), (b), (e), (f) and (g) are added in quadrature and quoted as the systematic
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error. The statistical and systematic errors are added in quadrature to form

the total error. These are plotted as a function of final-state kaon energy in

figures 4.14 and 4.15.
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Figure 4.14 Error budget for form factor fo. Vertical scale shows relative error
(%) for total (grey shading), statistical (blue) and systematic (red)
errors as a function of final-state kaon enerqy Er (horizontal azis,
GeV). ¢, and qo are indicated by the dashed and dotted vertical
lines respectively.
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Figure 4.15 Error budget for form factor f1 (otherwise as described in fig 4.14).

The statistical error is very similar across both form factors, varying between ~1—
1.2% and showing a very mild increase towards qo. Statistical error dominates
systematic error which varies between ~0.3-1.0%. There is a very small region
in f, near ¢2,, where systematic errors are marginally greater than statistical

errors. Total error varies between ~1.1-1.5%.

Systematic error is larger in f, than f; showing a mild uptick in fy near gg. Both

form factors show an increase in statistical error in f; near ¢2,  that is larger in
fo than f.
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Results at go and ¢?,, are shown in table 4.13.

Ix (¢%) result(stat)(sys) Ostat Osys (total)  diotal

Fi(Pn) | 1.592(16)sat(17)sys 1.0% 1.0% | (23)iora 1.5 %
Jo (q?nax) 1.000(10)stas (6)sys 1L.0% 0.63% | (12)t0tm 1.2 %
f() (0) - f+ (0) 0'6557(75)stat(23)sys ].]. % 035 % (78)total 12 %

Table 4.13 Statistical and systematic error budget for form factors fo and fi
at the kinematic points qo and q2,,,. Form factor result, statistical
and systematic errors shown in ‘result(stat)(sys)’, statistical and
systematic relative error per (4.33) in Ggq’ and Ogys’. Statistical
and systematic errors are added in quadrature to form ‘(total)’ error,
shown as relative error in ‘Oiorar -

4.4 Alternative fit strategies

Having presented the preferred analysis, we return to the discussion of the choice

to eliminate five data points from the fit and the alternatives considered.

The components of the scaled cost function (2.81) are
¢ = Z (LT)ij Siit (i = 1) - (4.34)
J

That is, each component ®; is scaled by S in order that the cost is in units of
standard deviation and multiplied by the Cholesky decomposition of the inverse

correlation matrix L so that correlations are accounted for.

When the full data set of 58 data points is fitted to a linear global fit model, the
Hotelling p-value is 0. Examining the ®;, four data points are responsible for the
0 p-value, which is listed in table 4.14.
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Ensemble Form factor n? D,

C2 fo 4 835
M1 fo 4 -7.06
M2 fo 4 7.8
M3 fo 4 -4.38

Table 4.14 Data points from the full data set with large contribution to the fit
cost function ®; (4.34).

The options evaluated to deal with this issue were:

1. Drop these data points from the fit, together with the f, data point for C1
at n? = 4 (see discussion in § 4.1.2). This is the preferred fit.

2. Use Ledoit and Wolf shrinkage [

Using this method, the estimate of the correlation matrix p is adjusted

, 112] to condition the covariance matrix.

towards 1 where for a small parameter A
Pshrink = AL+ (1 —=X)p. (4.35)

It was found that A = 0.005 was sufficient to produce an acceptable p-value
(appendix A.6.1).

3. Fit to a model with more terms ng x in the expansion of E;/A. It was
found that setting ng y = 3 while leaving ng o = 1 resulted in an acceptable
p-value for the fit (appendix A.6.2).

Using a linear model and dropping the five data points from the fit is the best
motivated of these three options. There is little evidence of curvature after pole
removal (fig 4.11) and the data points at n?> = 4 are the least precise, so little

information is lost by discarding them.

In addition to the lack of evident curvature, the correlation matrix of the cubic
f+ model (fig A.50) shows that the parameters in the Ey /A expansion are highly
correlated. It would appear more likely that the additional terms derived in this
fit are artefacts of the correlation matrix, arising from the limited statistics of

the underlying data points entering the fit.
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The full Ledoit and Wolf procedure was not used to optimise the shrinkage term.
Instead, a numerically small shrinkage factor A was applied. This option was
eliminated on the basis that it is preferable to use a covariance matrix that derives
from the data — without adjusting its eigenvalue spectrum. By doing so any
questions as to whether reported p-values are correct are avoided because there

is a well-motivated reason for using the Hotelling distribution in its calculation.

Each analysis was performed end to end and results for the two alternative fit
strategies can be seen in appendix A.6. The results were numerically compatible
(table 4.15) — except for the cubic f, model in the region near f (¢2,.), which
is an extrapolation. In all cases, the sensitivity to systematic effects were

qualitatively similar.

fit o) =Ffr(0) fo(dRax) [+ (dPax)
1. preferred  0.6557(75)  1.000(10) 1.592(16)
2. shrink 0.6556(75)  1.001(10) 1.593(15)

3. cubic fy  0.6533(76)  0.997(11) 1.550(20)

Table 4.15  Results(statistical error) at kinematic points qo and q2,,, for the
preferred fit and two alternatives. The results are compatible, except
for the cubic f model where the curvature in the model leads to a 2-
o discrepancy at fy (qzmw). Note that this region is an extrapolation
as we do not have access to data points for fi (q?mm).
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Chapter 5

Conclusion and phenomenological

implications

This section discusses the overall findings in this thesis and how they fit into the

wider context.
Starting with the most directly relevant results for the exclusive semileptonic
decay Dy — K, the result from this thesis is compared with:
e The one theoretical prediction available from Fermilab Lattice and MILC
Collaborations (Fermilab/MILC) published on 31 May 2023 [37] in § 5.1.
e The one experimental result from BESIII in 2019 [113] in § 5.2.
The discussion in § 5.3 examines theoretical predictions and experimental results

available for other charm decays not presented in this thesis such as exclusive

semileptonic D — 7m and D — K decays.

The outlook for the field as a result of this work is discussed in § 5.4.

5.1 Comparison with theoretical prediction

Table 5.1 compares the result in this thesis at ¢y and ¢?,. to the one
other theoretical prediction in the literature for D, — K form factors, from
Fermilab Lattice and MILC Collaborations (Fermilab/MILC) published on 31
May 2023 [87]. In both cases, these are predictions for isospin symmetric QCD
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with degenerate light quarks of equal mass m, = (m, + my)/2 and ignoring

quantum electrodynamics (QED) effects. They can thus be compared directly.

fit result Fermilab/MILC [37]

Ix (@) result(total) § | result(stat+sys) )
File) | 1.592(23)i0m  1.5% | 1.576(16) 0.99%
fo(@2a) | 1.000(12)0m  1.2% | 0.9843(30) 0.30%
Fo(0) = £, (0) | 0.6557(78)soa 1.2% | 0.6307(29) 0.46%

Table 5.1 Comparison of the fit result in this study at qo and q2,,, with
Fermilab/MILC 31 May 2023 [57]. § is total relative error %.

5.1.1 Precision

The Fermilab/MILC prediction is a factor 1.5-4x more precise than this study,
varying over the kinematic range. The inclusion of ensembles with physical pion

masses will have contributed to this increased precision.

The Fermilab/MILC prediction also included 24-36 sources per configuration
with 6971352 configurations per ensemble, i.e. (O(200)x the statistics of the
work in this thesis. However, the use of different actions means these statistical

counts cannot be compared directly in a meaningful way.

What can be said to compare the statistics of the two studies is that Fermil-
ab/MILC found it necessary to employ Ledoit and Wolf shrinkage [I 11, 112] to
adjust the fit covariance matrices whereas the statistics of this thesis allowed the
sample covariance matrices to be constructed directly from the data without
adjustment. Fermilab/MILC’s use of linear shrinkage estimators and novel

nonlinear estimation techniques are used to contend with marginal statistics.

The data from the 2- and 3-point functions underpinning this thesis are more
precisely known at smaller Fourier momenta, i.e. near ¢2_ . Nevertheless, after
the global fit, the statistical precision near ¢, is only marginally better than
near qo (around 1% in both cases). This reflects the accuracy of the covariance
matrices employed in the fit, weighing the more precise data more heavily in the
minimisation of the global cost function. Including systematic effects, we have a

slight increase in total error in f, near ¢2,.. This region is an extrapolation as
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we do not have access to f, at exactly ¢2,. on the lattice.

Fermilab/MILC’s form factor determination has a much more pronounced
inflation of relative error at fy (g2 ,.), being twice the relative error of f, (0) and
fo (¢2..)- Tt is possible that the greater statistical accuracy of the measurements

entering the fit make the effects of the extrapolation at this point more apparent.

The relative effect of the extrapolation in f, appears milder at the precision of
this thesis. Figures 4.14 and 4.15 show that the result from this study has a
moderate uptick in relative error at each end of the kinematic range, but with an

uptick near ¢2, that is more pronounced in f; than fo.

Asnoted in § 3.2.2, this work has an advantage over other studies such as [$7]. The
range of wall separations for 3-point data is wide enough to ensure R3 ratio results
without excited state contamination are produced. We are, therefore, certain the
ground-state matrix elements of interest are being extracted, even though those
matrix elements are extracted at narrower wall separations to minimise statistical

error.

5.1.2 Central value

In figure 5.1 we show (left to right across each of the three panels):

1. The experimental result from BESIII [113].
2. The theoretical prediction in this thesis.

3. The theoretical prediction from Fermilab/MILC [37].
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Figure 5.1 Comparison of the theoretical prediction in this thesis (center) with
the theoretical prediction from Fermilab/MILC [57] (right) and the
experimental result from BESIII [1135] (left). The BESIII result is
only available at qy and is shown in the bottom panel as the black
data point with grey error band. Results from this thesis are shown
as red data points with pink error bands. Fermilab/MILC results are
the blue data points. Errors bands are total error.

For fy (¢%,.) (fig 5.1 top panel) the two predictions agree. Similarly the two
predictions agree at the level of ~ 1o for f; (¢2,,) (middle panel).

The experimental result is only available for the kinematic point go (bottom panel)
and has large uncertainty of ~ 12%. Both lattice predictions for f, (0) agree with
the BESIII result (grey band), but are in mild tension with each other at ~ 3o.
The Fermilab/MILC prediction at gy is 3x more precise than this thesis and sits
marginally more than 1o from the BESIII result. Both theoretical predictions
are much more precise than the experimental result, with both suggesting a value

towards the lower end of the 1o confidence interval in the experimental result.

This is quite a significant agreement for two independent theoretical predictions
using different actions and independent analyses employing quite different

methods, e.g.: bayesian fits with priors vs no priors; shrinkage vs no shrinkage; >
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vs Hotelling distributions; and z-expansion vs no z-expansion. It is worth noting
(although beyond the scope of this thesis to explain) that the staggered fermion
action in the Fermilab/MILC study has the complication that the spatial and

temporal vector currents are treated differently.

The 30 tension at f, (0) occurs in the region where the underlying lattice data
are least precise — although the constraint f, (0) = f, (0) improves the accuracy
of fit results near ¢y. Given the constraints imposed by time limitations on this
thesis, a 30 tension does not warrant a detailed analysis at this point. Rather, it
would be prudent to address the limitations by:

1. Introducing ensembles with physical mass pions;

2. Increasing the statistics of this study; and

3. Analysing the D — 7 and D — K data.
Once this is done, remaining tensions can be explored. Knowledge of the
additional D — 7w and D — K form factors would also allow comparison with a

larger number of theoretical predictions — where the experimental result is known

with greater precision.

5.2 Comparison with experimental result and

extraction of |V

The one experimental result in the literature is from BESIII in 2019 [113]. They

quote their measured result for the product

|‘/;d|f+ (O)BESHI = 0-162(19)stat(03)sys (51)

and using |V.q| = 0.22492(50) from PDG they state their experimental determin-

ation of the form factor f, at g

Fo (0)PPSM = 0.720(84) g1t (13)ays - (5.2)
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The experimental uncertainties at ~ 12% are large — much larger than strong
isospin breaking effects at around 1% and QED corrections at around 0.5% [37].
Given the lack of precision, we simply note that strong isospin breaking and QED

effects are subleading and have not been included in the lattice prediction.

Combining the BESIII result (5.1) with the prediction for f, (0) from this thesis

multiplicatively (assuming no correlations) we obtain as the prediction for |V,,|

|‘/;d‘ = 0-247(29)expt(03)theory . (53)

PDG

semi

As of 2022, PDG quotes the value for |V,4| from semileptonic decays |V.4|

Vedloms = 0.2330(29)expt (133)heory (5.4)

semi

PDG

and the value from leptonic decays |Vcd|1ep

VealiD = 0.2181(49) expt (07 ) heory (5.5)

lep

both of which match the value from this thesis within 1lo.

At 1.2%, the relative theory error from this work is around 4% x smaller than the

relative theory error for the current PDG semileptonic determination at 5.7%.

5.3 Charm semileptonic decays

The work presented in this thesis focuses on the D, — K channel of exclusive
semileptonic decays, for which experimental results became available from BESIII

in 2019 [113].

Other charm semileptonics programs (listed below), have hitherto focussed on
the D — 7 and Dy — w channels, owing to the availability of experimental
results. It is useful, therefore, to survey contemporary lattice predictions available
from other collaborations. These are summarised in fig 5.2, grouped by the

number of flavours NNy in the sea, following the Flavour Lattice Averaging Group
(FLAG) [114]:

e Ny =2 ETM collaboration [115].
° Nf =24+ 1:
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— Fermilab Lattice Collaboration, MILC Collaboration, and HPQCD
Collaboration [116, 117],

— HPQCD Collaboration [118-121],
— JLQCD Collaboration [122].

— ETM collaboration [123, ],
— HPQCD Collaboration [125],

— Fermilab/MILC [87] (the result discussed in § 5.1 also included results
for D — 7 and D — K).

Dn DK
rac2021 f7(0) f2°(0)
+ — FLAG average for N,=2+1+1 |
L
Il
z HPQCD 21A Bl
i ETM 17D H——
- FLAG average for Ngy=2+1 HEH
+ H—CHH JLQCD 178 Tt
Il
Z @+ HPQCD 11/10B i
—0—[‘]—'——1 FNAL/MILC 04 >—»—[|]—»—i
% | —+—O—— ETM11B ——
=z
0.55 0.65 0.75 0.65 0.75 0.85

Figure 5.2 Summary of lattice predictions for D — m and D — K form factors
from the FLAG 2021 review [11/].

Of immediate relevance is the D — 7 channel, which differs from the D, —
K channel presented in this thesis only by the spectator; light or strange,
respectively. That is, both channels involve the same charm to light weak decay
mediated by the W

Fermilab/MILC observe [37] that in the calculation of the form factors for

hadronic matrix elements for these two channels, only the mass of the valence
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spectator quarks differ. Fermilab/MILC’s results — and available experimental
results from BESIII — for these two channels differ by only 2%.

The work in this thesis forms part of the RBC/UKQCD Collaboration’s wider
charm semileptonic programme. The methods developed here will be applied to
the D — 7 and Dy — 7 channels, for which data have already been produced on
the ensembles presented here. Further data generation is underway for all three

channels (i.e. including Dy — K), including lattices with physical mass pions.

Related work [120, | is also ongoing for inclusive heavy meson decays (i.e.
decays involving all possible final states). However, inclusive semileptonic decays

are not planned as part of RBC/UKQCD’s programme of work.

5.4 OQutlook

We see from (5.4) that error in the current PDG semileptonic determination
[V.alP2$ is theory dominated. FLAG’s 2021 review [I14] shows this is more

generally true, i.e. that charmed “meson decay errors are largely theory-
dominated, save for the D — K mode for Ny =2+ 1+ 1.7

We show that the theory error on the prediction for |V,q| is 41X smaller than
PDG

semi *

that of the currently published value for |V,,| If the experimental error in
this D, — K channel could be reduced over the foreseeable planning horizon,
e.g. in the next decade, then this could become the most precise channel for

determining |V.4|.

The kinematics of these decays (i.e. the v/ Ep — mp term in the differential decay
rate) are such that higher ¢? events are suppressed. Experiment then will always

be able to produce more data — and thus results with smaller errors — near ¢ = 0.

Lattice QCD, however, as shown here, is able to produce data with smaller
statistical errors at lower spatial momenta, i.e. near ¢2_ . It would be anticipated
that increasing the statistics of this study, adding physical mass pions and
producing data at lower spatial momenta would result in higher precision form

factor predictions near ¢2,. than ¢* = 0.

There are two clear steps experimentalists could contribute in the effort to

determine |V,q4|,.. . with the smallest possible error:

semi
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1. Increase precision of |V.4|f+ (¢*) measurements in the Dy — K channel.

2. Provide results for this channel for non-zero ¢? bins.

Exactly which ¢ bins are most important will depend on the relative size of

experimental vs theoretical errors and thus vary over time.
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Appendix A

Appendices

A.1 Ensemble M1 matrix element fits

Results are presented here for matrix element fits deferred from § 3.3.1.
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M1 matrix elements n? = 1
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Figure A.1 Temporal component of mostly nonperturbatively renormalised ratio
R3 wvs t, for Dy — K at n? = 1 on ensemble M1. Simultaneous
fit to wall separations AT /a 24 and 28 on timeslices 8-18
and 8-22, respectively. The grey band is the matrix element
(K|ys (n? =1)|Ds) = 0.902(12). Hotelling p-value for the fit is
0.250, with excited-state matriz elements shown in table 3.2.
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Figure A.2 Spatial component of mostly nonperturbatively renormalised ratio
R3 wvs t, for Dy — K at n? = 1 on ensemble M1. Simultaneous
fit to wall separations AT /a 20, 24 and 28 on timeslices 10-13,
10-17 and 10-21, respectively. The grey band is the matriz element
(K|vi (n* =1)|Ds) = 0.3363(66). Hotelling p-value for the fit is
0.334, with excited-state matriz elements shown in table 3.2.
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M1 matrix elements n? = 2

0.85

L 0.75
7 Pt P
0.65 I ¥—

t5 7 9 11 13 15 17 19 5 7 9 11 13 15 17 19 21 23
Figure A.3 Temporal component of mostly nonperturbatively renormalised ratio
R3 wvs t, for Dy — K at n? = 2 on ensemble M1. Simultaneous
fit to wall separations AT /a 24 and 28 on timeslices 10-17
and 10-21, respectively. The grey band is the matriz element
(K|ys (n® =2)|Ds) = 0.801(14). Hotelling p-value for the fit is

0.296, with excited-state matriz elements shown in table 3.2.
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Figure A.4 Spatial component of mostly nonperturbatively renormalised ratio
R3 wvs t, for Dy — K at n> = 2 on ensemble M1. Simultaneous
fit to wall separations AT /a 20, 24 and 28 on timeslices 10-13,
10-17 and 10-21, respectively. The grey band is the matriz element
(K|vi (n* = 2)|Ds) = 0.2701(59). Hotelling p-value for the fit is
0.58, with excited-state matriz elements shown in table 3.2.

161



M1 matrix elements n° = 3
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Figure A.5 Temporal component of mostly nonperturbatively renormalised ratio
R3 wvs t, for Dy — K at n? = 3 on ensemble M1. Simultaneous
fit to wall separations AT /a 24 and 28 on timeslices 10-17
and 10-21, respectively. The grey band is the matriz element
(K|ys (n® = 3)|Ds) = 0.765(25). Hotelling p-value for the fit is
0.169, with excited-state matriz elements shown in table 3.2.
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Figure A.6 Spatial component of mostly nonperturbatively renormalised ratio
R3 wvs t, for Dy — K at n? = 3 on ensemble M1. Simultaneous
fit to wall separations AT /a 20 and 24 on timeslices 10-13
and 10-17, respectively. The grey band is the matriz element
(K|vi (n* = 3)|Ds) = 0.2238(89). Hotelling p-value for the fit is

0.27, with excited-state matriz elements shown in table 3.2.
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M1 matrix elements n?> = 4
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Figure A.7 Temporal component of mostly nonperturbatively renormalised ratio
R3 ws t, for Dy — K at n> = 4 on ensemble M1. Simultaneous
fit to wall separations AT /a 20 and 24 on timeslices 10-13
and 10-17, respectively. The grey band is the matriz element
(K|ys (n® =4)|Ds) = 0.691(28). Hotelling p-value for the fit is

1.00, with excited-state matriz elements shown in table 3.2.
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Figure A.8 Spatial component of mostly nonperturbatively renormalised ratio
R3 wvs t, for Dy — K at n? = 4 on ensemble M1. Simultaneous
fit to wall separations AT /a 20 and 24 on timeslices 10-13
and 10-17, respectively. The grey band is the matriz element
(K|vi (n* =4)|D,s) = 0.187(10). Hotelling p-value for the fit is
0.35, with excited-state matriz elements shown in table 3.2.
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A.2 Ensemble M2 matrix element fits

Results are presented here for matrix element fits deferred from § 3.3.2.

M2 matrix elements n? =1
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Figure A.9 Temporal component of mostly nonperturbatively renormalised ratio
R3 vs t, for Dy — K at n® = 1 on ensemble M2. Simultaneous
fit to wall separations AT/a 24 and 28 on timeslices 8-18
and 8-22, respectively.
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The grey band is the matriz element
(Klys (n®* =1)|Ds) = 0.920(11). Hotelling p-value for the fit is
0.725, with excited-state matrix elements shown in table 3.5.
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Figure A.10 Spatial component of mostly nonperturbatively renormalised ratio
R3 vs t, for Dy — K at n®> = 1 on ensemble M2. Simultaneous
fit to wall separations AT /a 20, 24 and 28 on timeslices 10-14,
10-18 and 10-22, respectively. The grey band is the matrix element
(K| (n2 = 1)|DS> = 0.3298(54). Hotelling p-value for the fit is
0.145, with excited-state matriz elements shown in table 5.5.
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M2 matrix elements n? = 2
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Figure A.11 Temporal component of mostly nonperturbatively renormalised
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ratio Rz wvs t, for Dy — K at n®> = 2 on ensemble M2.
Simultaneous fit to wall separations AT /a 20 and 24 on timeslices
10-13 and 10-17, respectively. The grey band is the matriz element
(K|ys (n® =2)|Ds) = 0.830(14). Hotelling p-value for the fit is
0.49, with excited-state matriz elements shown in table 3.5.
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Figure A.12 Spatial component of mostly nonperturbatively renormalised ratio

R3 vst, for Dy — K at n? = 2 on ensemble M2. Simultaneous
fit to wall separations AT/a 20 and 24 on timeslices 10-13
and 10-17, respectively. The grey band is the matrix element
(K|vi (n* =2)|Ds) = 0.2527(55). Hotelling p-value for the fit
is 0.85, with excited-state matrixz elements shown in table 5.5.
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M2 matrix elements n° = 3
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Figure A.13 Temporal component of mostly nonperturbatively renormalised
ratio Rz wvs t, for Dy — K at n®> = 3 on ensemble M2.
Simultaneous fit to wall separations AT /a 20 and 24 on timeslices
10-13 and 10-17, respectively. The grey band is the matriz element
(K|ys (n® = 3)|Ds) = 0.762(17). Hotelling p-value for the fit is

0.37, with excited-state matriz elements shown in table 3.5.
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Figure A.14 Spatial component of mostly nonperturbatively renormalised ratio
R3 vst, for Dy — K at n?> = 3 on ensemble M2. Simultaneous
fit to wall separations AT/a 20 and 24 on timeslices 10-13
and 10-17, respectively. The grey band is the matrix element
(K|vi (n* = 3)|Ds) = 0.2250(75). Hotelling p-value for the fit

is 0.60, with excited-state matrixz elements shown in table 5.5.
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M2 matrix elements n?> = 4

08 T T T T T T T T T T
0.75 == -
o | " |
0.65 —+ } { { .
0.6 - %‘ ﬂ?\% 4 } { _
t b 7 9 11 5 7 9 11 13 15
Figure A.15 Temporal component of mostly nonperturbatively renormalised
ratio Rz wvs t, for Dy — K at n®> = 4 on ensemble M2.

0.22 .

Simultaneous fit to wall separations AT /a 16 and 20 on timeslices
7-10 and 8-11, respectively. The grey band is the matriz element
(K|ys (n® =4)|Ds) = 0.767(21). Hotelling p-value for the fit is
0.22, with excited-state matriz elements shown in table 3.5.
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Figure A.16

7T 9 11 13 15 5 7 9 11 13 15 17 19
Spatial component of mostly nonperturbatively renormalised ratio
R3 vst, for Dy — K at n? = 4 on ensemble M2. Simultaneous
fit to wall separations AT/a 20 and 24 on timeslices 10-13
and 12-17, respectively. The grey band is the matrix element
(K| (n* =4)|Ds) = 0.1974(91). Hotelling p-value for the fit
is 0.27, with excited-state matrixz elements shown in table 5.5.
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A.3 Ensemble M3 matrix element fits

M3 matrix elements n° =1

R3
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Figure A.17 Temporal component of mostly monperturbatively renormalised

o

X

0.35
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0.32
0.31

0.3
0.29
0.28
0.27
0.26
0.25

ratio R wvs t, for Dy — K at n®> = 1 on ensemble M3.
Simultaneous fit to wall separations AT /a 24 and 28 on timeslices
10-16:2;17 and 10-20:2;21, respectively. The grey band is the
matriz element (K|yy (n? =1)|D,s) = 0.915(12). Hotelling p-
value for the fit is 0.41, with excited-state matriz elements shown
in table 3./.
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Figure A.18 Spatial component of mostly nonperturbatively renormalised ratio

R3 vst, for Dy — K atn? =1 on ensemble M3. Simultaneous fit
to wall separations AT /a 16, 20 and 24 on timeslices 9;10, 10-
14 and 10-18, respectively. The grey band is the matriz element
(K| (n* =1)|Ds) = 0.3353(54). Hotelling p-value for the fit is
0.53, with excited-state matriz elements shown in table 3./.
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M3 matrix elements n? = 2
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Figure A.19
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to 7 9111315 5 7 91113151719 5 7 9 111315171921 23

Temporal component of mostly nonperturbatively renormalised

ratio Ry wvs t, for Dy — K at n®> = 2 on ensemble MS3.
Simultaneous fit to wall separations AT /a 20, 24 and 28 on
timeslices 10-13, 10-17 and 10-21, respectively. The grey band is
the matriz element (K|ys (n® = 2)|Ds) = 0.834(12). Hotelling p-
value for the fit is 0.525, with excited-state matriz elements shown
in table 3.4.
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Figure A.20 Spatial component of mostly nonperturbatively renormalised ratio
R3 vst, for Dy — K atn? =2 on ensemble M3. Simultaneous fit
to wall separations AT /a 16, 20 and 24 on timeslices 9;10, 10-
14 and 10-18, respectively. The grey band is the matriz element
(K|vi (n® = 2)|Ds) = 0.2752(47). Hotelling p-value for the fit is
0.55, with excited-state matriz elements shown in table 3./.
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M3 matrix elements n° = 3
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Figure A.21

0.24

0.22

0.2

0.18

0.16

Temporal component of mostly nonperturbatively renormalised
ratio Ry vs t, for Dy — K at n®> = 3 on ensemble MS3.
Simultaneous fit to wall separations AT /a 16, 20 and 24 on
timeslices 9;10, 10-18 and 10-17, respectively. The grey band is
the matriz element (K|ys (n® = 3)|Ds) = 0.782(19). Hotelling p-
value for the fit is 0.98, with excited-state matriz elements shown
in table 3.4.
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Figure A.22 Spatial component of mostly nonperturbatively renormalised ratio

R3 vs t, for Dy — K at n?> = 3 on ensemble M3. Simultaneous fit
to wall separations AT /a 16, 20 and 24 on timeslices 9;10, 10-
14 and 10-18, respectively. The grey band is the matriz element
(K| (n2 = 3)|DS> = 0.2357(64). Hotelling p-value for the fit is
0.70, with excited-state matriz elements shown in table 3./.
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M3 matrix elements n?> = 4
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Figure A.23 Temporal component of mostly monperturbatively renormalised
ratio Ry vs t, for Dy — K at n®> = 4 on ensemble MS3.
Simultaneous fit to wall separations AT /a 20 and 24 on timeslices
10-13 and 10-17, respectively. The grey band is the matrix element
(K|ys (n® =4)|Ds) = 0.752(21). Hotelling p-value for the fit is
0.66, with excited-state matriz elements shown in table 3./.
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Figure A.24 Spatial component of mostly nonperturbatively renormalised ratio
Rs vs t, for Dy — K at n? =4 on ensemble M3. Simultaneous fit
to wall separations AT /a 16, 20 and 24 on timeslices 9;10, 10-
14 and 10-18, respectively. The grey band is the matriz element
(K|vi (n* = 4)|Ds) = 0.2082(75). Hotelling p-value for the fit is

0.65, with excited-state matriz elements shown in table 3.4.
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A.4 Ensemble C1 matrix element fits

Results are presented here for matrix element fits deferred from § 3.3.4.

C1 matrix elements n?> = 1

1.25

1.2

1.15

1.1

R3

1.05

0.95

0.9

AT/a=16 AT /a=20 AT/a=24
- e ?\ 777777777777777 E’r,}@jﬁé 777777777
| é& i ????? 1 %%%}{??? |

% I } {
IS | t | ! t |
t t
f g f !
(5 7 9 11 5 7 9 111315 5 7 9 11 13 15 17 19

Figure A.25
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£ 04
0.38
0.36

0.34

Temporal component of mostly nonperturbatively remormalised
ratio Rz vs t, for Dy — K at n®> = 1 on ensemble C1.
Simultaneous fit to wall separations AT /a 16, 20 and 24 on
timeslices 8-10, 9-14 and 10-18, respectively. The grey band is
the matriz element (K|ys (n® =1)|Ds) = 1.169(14). Hotelling p-
value for the fit is 0.246, with excited-state matrix elements shown
in table 3.5.
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Figure A.26 Spatial component of mostly nonperturbatively renormalised ratio

R3 vs t, for Dy — K at n®> = 1 on ensemble C1. Simultaneous
fit to wall separations AT /a 16, 20 and 24 on timeslices 9-11,
9-15 and 9-19, respectively. The grey band is the matrix element
(K| (n2 = 1) |Ds) = 0.4290(68). Hotelling p-value for the fit is
0.213, with excited-state matriz elements shown in table 3.5.
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C1 matrix

elements n? = 2
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Figure A.27

5

7 9 11 5 7 9 11 13 15
Temporal component of mostly nonperturbatively renormalised
ratio Rz vs t, for Dy — K at n®> = 2 on ensemble C1.
Simultaneous fit to wall separations AT /a 16 and 20 on timeslices
6-11 and 6-14, respectively. The grey band is the matriz element
(K|ys (n® =2)|Ds) = 1.090(16). Hotelling p-value for the fit is
0.42, with excited-state matriz elements shown in table 3.5.
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Figure A.28

5

7 9 11 5 7 9 11 13 15
Spatial component of mostly nonperturbatively renormalised ratio
R3 vs t, for Dy — K at n? = 2 on ensemble C1. Simultaneous
fit to wall separations AT/a 16 and 20 on timeslices 8-11
and 9-15, respectively. The grey band is the matriz element
(K| (n* =2)|Ds) = 0.3475(74). Hotelling p-value for the fit
is 0.38, with excited-state matrixz elements shown in table 5.5.
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C1 matrix
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Figure A.29 Temporal component of mostly nonperturbatively renormalised

0.32
0.3
0.28

o 0.26
0.24
0.22

0.2

ratio Rz vs t, for Dy — K at n®> = 3 on ensemble C1.
Simultaneous fit to wall separations AT /a 16 and 20 on timeslices
6-11 and 6-14, respectively. The grey band is the matriz element
(K|ys (n® = 3)|Ds) = 0.982(22). Hotelling p-value for the fit is
0.62, with excited-state matriz elements shown in table 3.5.
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Figure A.30 Spatial component of mostly nonperturbatively renormalised ratio

R3 wvs t, for Dy — K at n? = 3 on ensemble C1. Simultaneous
fit to wall separations AT /a 16, 20 and 24 on timeslices 7-11,
7-14 and 7-18, respectively. The grey band is the matriz element
(K|vi (n* = 3)|Ds) = 0.2976(71). Hotelling p-value for the fit is
0.521, with excited-state matriz elements shown in table 3.5.
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C1 matrix elements n? =4
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Figure A.31
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Figure A.32

7 9 11 5 7 9 11 13 15
Temporal component of mostly nonperturbatively renormalised
ratio Rz vs t, for Dy — K at n®> = 4 on ensemble C1.
Simultaneous fit to wall separations AT /a 16 and 20 on timeslices
6-10 and 6-14, respectively. The grey band is the matriz element
(K|ys (n® = 4)|Ds) = 0.964(35). Hotelling p-value for the fit is
0.49, with excited-state matriz elements shown in table 3.5.
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Spatial component of mostly nonperturbatively renormalised ratio
R3 wvs t, for Dy — K at n? = 4 on ensemble C1. Simultaneous
fit to wall separations AT/a 16 and 20 on timeslices 7-11
and 9-15, respectively. The grey band is the matriz element
(K|vi (n* =4)|Ds) = 0.272(10). Hotelling p-value for the fit is
0.91, with excited-state matriz elements shown in table 3.5.
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A.5 Ensemble C2 matrix element fits

Results are presented here for matrix element fits deferred from § 3.3.5.

C2 matrix elements n2 =1
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Figure A.33
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ratio Rz vs t, for Dy — K at n®> = 1 on ensemble C2.
Simultaneous fit to wall separations AT /a 20 and 24 on timeslices
10-13 and 10-17, respectively. The grey band is the matrix element
(K |4 (n2 = 1)\Ds> = 1.214(20). Hotelling p-value for the fit is
0.46, with excited-state matriz elements shown in table 5.6.
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Figure A.34 Spatial component of mostly nonperturbatively renormalised ratio
R3 vs t, for Dy — K at n®> = 1 on ensemble C2. Simultaneous
fit to wall separations AT /a 16, 20 and 24 on timeslices 9-11,
9-15 and 9-19, respectively. The grey band is the matrix element
(K|vi (n* =1)|Ds) = 0.4344(80). Hotelling p-value for the fit is
0.189, with excited-state matrix elements shown in table 3.6.
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C2 matrix elements n? = 2
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Temporal component of mostly nonperturbatively renormalised

ratio Rz vs t, for Dy — K at n®> = 2 on ensemble C2.
Simultaneous fit to wall separations AT /a 16 and 20 on timeslices

8-10 and 8-13, respecti
(Kl|ys (n* = 2)|Ds) =
0.32, with excited-state

vely. The grey band is the matrix element
1.069(21). Hotelling p-value for the fit is
matriz elements shown in table 3.6.
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Figure A.36 Spatial component of mostly nonperturbatively renormalised ratio

Rs vs t, for Dy - K
fit to wall separations
9-14 and 9-18, respecti

at n? = 2 on ensemble C2. Simultaneous
AT /a 16, 20 and 24 on timeslices 8-10,
vely. The grey band is the matrix element

(K|vi (n* = 2)|Ds) = 0.3599(84). Hotelling p-value for the fit is

0.84, with excited-state

matriz elements shown in table 3.6.

177



C2 matrix

1.1

elements n? =3

1.05

0.95

Rs3

0.85

0.8

0.75

SN I

t

5

7 9 11 ) 7 9 11 13 15

Figure A.37 Temporal component of mostly nonperturbatively renormalised

0.32

ratio Rz vs t, for Dy — K at n®> = 3 on ensemble C2.
Simultaneous fit to wall separations AT /a 16 and 20 on timeslices
8-10 and 8-14, respectively. The grey band is the matriz element
(K|ys4 (n® = 3)|Ds) = 1.031(31). Hotelling p-value for the fit is
0.098, with excited-state matriz elements shown in table 3.6.
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Figure A.38 Spatial component of mostly nonperturbatively renormalised ratio

R3 wvs t, for Dy — K at n? = 3 on ensemble C2. Simultaneous
fit to wall separations AT /a 16, 20 and 24 on timeslices 8-10,
9-14 and 9-18, respectively. The grey band is the matriz element
(K|vi (n* = 3)|Ds) = 0.294(12). Hotelling p-value for the fit is
0.78, with excited-state matriz elements shown in table 3.6.
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C2 matrix elements n? =4
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Figure A.39

0.28 |

7 9 11 5 7 9 11 13 15
Temporal component of mostly nonperturbatively renormalised
ratio Rz vs t, for Dy — K at n®> = 4 on ensemble C2.

Simultaneous fit to wall separations AT /a 16 and 20 on timeslices
9;10 and 9-14, respectively. The grey band is the matriz element
(K|ys (n® = 4)|Ds) = 0.955(50). Hotelling p-value for the fit is
0.66, with excited-state matriz elements shown in table 3.6.
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Figure A.40

7 9 11 5 7 9 11 13 15
Spatial component of mostly nonperturbatively renormalised ratio
R3 wvs t, for Dy — K at n? = 4 on ensemble C2. Simultaneous
fit to wall separations AT/a 16 and 20 on timeslices 7-11
and 9-14, respectively. The grey band is the matriz element
(K|vi (n* =4)|Ds) = 0.257(13). Hotelling p-value for the fit is
0.145, with excited-state matriz elements shown in table 3.6.
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A.6 Alternate chiral continuum fits

Results presented in the main body of the thesis are for the preferred strategy.

However, as set out is § 4.4, other global fit strategies are possible:

1. In § A.6.1 we present results using linear shrinkage in the estimation of the

covariance matrix.

2. In § A.6.2 we present results using more terms in the global fit ansatz.

In each case the analysis follows the procedure described in the main body of the

text. We present here the data tables and figures which differ from the main text.

A.6.1 Linear model with shrinkage 0.005

Covariance matrix

Name k! Niamples
C1 9.35 x 1076 160
C2 1.13 x 107° 128

FIM 6.44 x 10~* 72
M1 4.59 x 10~° 128
M2 3.77 x 107° 128
M3 1.10 x 1074 120

global 5.05 % 1073 160

Table A.1 Reciprocal condition numbers (see § 2.5.3) for the block diagonal
components of the full covariance matrix for each ensemble. ‘Global’
1s the reciprocal condition number for the full covariance matriz used
in the fit, i.e. with cross-ensemble components set to 0. The number
of samples Nyympies varies on each ensemble. Conservative estimates
of the Hotelling p-value in the global fit are based on the maximum
number of samples, 160.
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Linear continuum fit with shrinkage

form factor Co c1 do €o
fo 0.781(19) | 0.324(82) | -0.224(57) | 0.127(14)
fu 0.830(10) | 0.175(67) | -0.184(44) | -0.151(10)

Table A.2

Table A.3

Table A.4

Global chiral continuum fit results. Parameters match fit form (4.1).
Parameter cy o (blue) is implemented as a constraint per (4.26), not
a free parameter. The expansion in Er /A is linear, i.e. ngx = 1.
Ledoit and Wolf shrinkage is applied to the covariance matriz with
A =0.005.

Ndata
58 7

2
Nparam v t,/

ol | 1.84

Hotelling p-value
0.156

Statistical summary of chiral continuum fit: number of data points
Nata; number of parameters Npgram; number of degrees of freedom
vV = Naata — Nparam; Hotelling test statistic per degree of freedom t2;
and Hotelling p-value.

Ix (¢%) result(stat) 0%
fo(0) = £, (0) | 0.6556(75) 1.1%
fo(d2..) 1.001(10)  1.0%
I (o) 1.593(15)  0.9%

Form factors at kinematic points qo = 0 and q2,,, from chiral
continuum fit results in table A.2. The result for each form factor
fx (qQ) is shown with statistical errors in brackets. The 0% column
shows the relative statistical error expressed as a percentage.
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Correlation matrix
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Figure A.41 Correlation matriz of fitted parameters
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Figure A.42 Data points entering the chiral continuum fit for scalar form factor

fo.  The form factor is shown on the wvertical axis, with the
energy of the final-state kaon Fx in GeV on the horizontal axis.
Statistical errors only are shown for the continuum fit result (blue).
Coloured, dashed trend lines show fx = f)(;ont) + f)((lat) for each
ensemble. The trend line for the C2 ensemble is underneath the
trend line for the M2 ensemble. The vertical dotted line indicates

Ef(,max (ze qo).
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Figure A.43 Data points entering the chiral continuum fit for vector form factor

f+ (and otherwise as described in figure A./2). The trend line for
ensemble C2 is visible immediately underneath the trend line for

M2.
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Figure A.44 Plot of adjusted data points fi (4.30) — i.e. adjusted by félat) and

with the pole removed — and otherwise as described in fig A.42.
These data points agree very well with the chiral continuum fit.
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Figure A.45 Plot of adjusted data points f, (4.30) - i.e. adjusted by f(lat
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nd
with the pole removed — and otherwise as described in fig A.42.
There is a moderate increase in tension with the global fit, however
there is still very good agreement.

Systematic uncertainty results
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Figure A.46

(Ex) (vertical axis, %) (4.33) associated with

Relative error ¢ f(gz)
each alternate fit choice (x) as a function of final-state kaon energy
Ex (horizontal axis, GeV). The grey band is the statistical error
of the reference fit. Dashed lines indicate alternatives not included
in the final fit systematic uncertainty relative error (see § 4.3).
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Figure A.47 Relative error (5ff) (Ek) (otherwise as described in fig A.47).
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Figure A.48 FError budget for form factor fo. Vertical scale shows relative error

(%) for total (grey shading), statistical (blue) and systematic (red)
errors as a function of final-state kaon energy Ex (horizontal azis,
GeV). g2, and qo are indicated by the dashed and dotted vertical
lines respectively.
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Figure A.49 Error budget for form factor fi (otherwise as described in

fig A.48).

v |t p-H fo(0) fo (Gax) | f+ (Gax)
Ref | 93.955 | 51 | 1.84226 | 0.155862 | 0.6556(75) | 1.001(10) | 1.593(15)
a | 83.913 | 51 | 1.64537 | 0.2071 | 0.6561(75) | 1.002(10) | 1.595(15)
b | 98.248 | 51 | 1.92645 | 0.114604 | 0.6570(73) | 1.001(10) | 1.580(15)
¢ |96.241 | 51 | 1.88708 | 0.132607 | 0.6553(74) | 1.000(10) | 1.582(15)
d | 95.524 | 51 | 1.87303 | 0.139573 | 0.6573(74) | 1.002(10) | 1.591(15)
e | 92.744 | 51 | 1.81851 | 0.169441 | 0.6545(76) | 0.999(11) | 1.591(16)
f | 94.191 | 51 | 1.84689 | 0.153319 | 0.6550(77) | 1.006(11) | 1.604(16)
g | 78.358 | 41 | 1.91119 | 0.0703837 | 0.6546(77) | 1.003(10) | 1.599(17)
b | 80.057 | 42 | 1.90614 | 0.159062 | 0.6463(98) | 0.994(14) | 1.587(20)
i | 77.230 | 42 | 1.83881 | 0.0988414 | 0.6585(84) | 1.002(12) | 1.595(17)
i |83.379 | 42 | 1.98523 | 0.0543663 | 0.6562(78) | 0.997(11) | 1.588(16)
k | 59.870 | 42 | 1.42548 | 0.396642 | 0.6543(77) | 1.002(11) | 1.606(16)
1 | 85.043 | 42 | 2.02484 | 0.0459162 | 0.6560(79) | 1.003(11) | 1.592(16)
m | 41.117 | 24 | 1.71324 | 0.0896853 | 0.6563(98) | 1.002(14) | 1.608(21)

Table A.5 Fit characteristics for alternate fits: test statistic t>; degrees of
freedom v; test statistic per degree of freedom t2; Hotelling p-value
p-H; fo(0) = f+ (0); fo (Pas)i and fs (¢Bas) — ice. form factors at
qo and q2,,,.- The test statistic is above the o = 0.05 significance level
in all cases except (g) which is marginal due to the greatly reduced
degrees of freedom in the fit excluding all coarse data points.
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A.6.2 Cubic model

In the cubic model we make two changes compared with the reference fit:

e We use all 58 data points
— i.e. including fy (n? = 4) for ensembles C2, M1, M2 and M3
e We include two more terms in the fit ansatz for f, (4.1)

—1le. ngy =3

Covariance matrix

Name 7! Nsamples Nyata
C1 9.35 x 1076 160 9
C2 1.13 x 107° 128 9

FIM 6.44 x 107* 72 13
M1 4.59 x 107 128 9
M2 377 x107° 128 9
M3  1.10 x 1074 120 9

global 5.09 x 1075 160 o8

Table A.6 Reciprocal condition numbers (§ 2.5.3) for block diagonal components
of the covariance matrix for each ensemble for comparison with the
reference fit, table .2 (as described there).

Fully correlated continuum fit results

A fully-correlated global fit was run using the inputs described in the previous
section. The maximum number of energy levels ex ,, the fitter was able to resolve

was three for the f, form factor and one for the f; form factor.

Fit results are shown in tables A.7 parameters, A.8 statistical summary and A.9

form factors at gy and ¢,
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form factor

Co C1 d() €o €1 ()]

fo
fe

0.777(20) | 0.326(83) | -0.208(58) | 0.128(14)
0.553(65) | 0.305(70) | -0.151(45) | 0.81(22)

-1.10(26) | 0.41(10)

Table A.7

Table A.8

Table A.9

Global chiral continuum fit results. Parameters match fit form (4.1).
Parameter cy o (blue) is implemented as a constraint per (4.26), not
a free parameter. It was necessary to include 3 terms in the expansion

of EL/A for fi, ice. np+ =3, ngo=1.

Ndata
58 9

2
Nparam v tl,

49 | 1.71

Hotelling p-value
0.2192

Statistical summary of chiral continuum fit: number of data points
Nigta; number of parameters Npgram; number of degrees of freedom
v = Naata — Nparam; Hotelling test statistic per degree of freedom t,%;
and Hotelling p-value.

fx () 0%

Jo (0) = Iy (0)
Jo (QIQnaX>
I+ (QIQnax)

result(stat)

1.2%
1.1%
1.3%

0.6533(76)
0.997(11)
1.550(20)

Form factors at kinematic points qo = 0 and q2,,, from chiral
continuum fit results in table A.7. The result for each form factor
fx (qQ) is shown with statistical errors in brackets. The 6% column
shows the relative statistical error expressed as a percentage.

Correlation matrix

The correlation matrix for the fitted parameters is shown in table A.50. The block

submatrix excluding coefficients fy , appears relatively unchanged cf fig 4.7.

In the new components of the correlation matrix, strong correlation (both positive

and negative) was observed amongst the coefficients e,, and ¢y for form factor f,.

This is perhaps unsurprising as these all relate to the expansion in terms of kaon

energies.
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However the alternating sign of the coefficients in the energy expansion and the
very strong correlations support the view that this fit is fitting noise in the
correlation matrix which is an artefact of the limited statistics — rather than

underlying physics.

fplus-e2
fplus-e1
fplus-e0
fplus-d0
fplus-c1

1
0.5
0

- -0.5
-1

fplus-cO

-c0
c1
-d0
0
0
el

e2

f0-

f0-

f0.

f0.
fplus-cO
fplus-c1
fplus-d0
fplus-
fplus.
fplus:

Figure A.50 Correlation matriz of fitted parameters for comparison with fig 4.7
(and as described there). The sub matriz excluding coefficients
f+n appears relatively unchanged, however there are strong
correlations amongst for factor fi parameters co and e,.
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Figure A.51 Data points entering the chiral continuum fit for scalar form

factor fo. The form factor is shown on the vertical axis, with
the energy of the final-state kaon Ex in GeV on the horizontal
axis. Statistical errors only are shown for the continuum fit result
(blue). Coloured, dashed trend lines show fx = é:om) + f)((lat)
for each ensemble. The trend line for the C2 ensemble is visible
slightly above the trend line for the M2 ensemble. The vertical
dotted line indicates By ... (i-e. qo)-
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Figure A.52 Data points entering the chiral continuum fit for vector form factor

f+ (and otherwise as described in figure A.51).
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Figure A.53 Plot of adjusted data points f} (4.30) — i.e. adjusted by félat) and
with the pole removed — and otherwise as described in fig A.51.
These data points agree very well with the chiral continuum fit.

The adjusted data points agree very well with the chiral continuum fit. There is
more of a spread in the data points near g, although this is unsurprising given
that these data points are constructed from 2- and 3-point functions with the

greatest Fourier momenta, i.e. the least precise data in this data set.
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Figure A.54 Plot of adjusted data points f, (4.30) - i.e. adjusted by fJ(rlat) and
with the pole removed — and otherwise as described in fig A.51.
There is a moderate increase in tension with the global fit, however
there is still very good agreement.
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Systematic uncertainty results

Stat error ~ —===-- h) omit C1 -7
14 | — a)omit sEVI i) omit C2 -7 |
‘ —— b) Ap 313 MeV, A} -5 MeV j)omit M1 __---~
c) Ay -5 MeV k) omit-M2~
1.2 | d) Ap 313 MeV -~ -=-1omit M3 —
e) alternate Zv nn __--==--- m) omit M1IM2M3
1 —— f) alternate C1 fits - -~ - n) discretisation
o T —— g) omit nhn €M |
x° e=e
— 08 - :
=
0.6
0.4
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Figure A.55 Relative error (5f(§x) (Ek) (vertical azis, %) (4.33) associated with
each alternate fit choice (x) as a function of final-state kaon energy
Ex (horizontal axis, GeV). The grey band is the statistical error
of the reference fit. Dashed lines indicate alternatives not included
in the final fit systematic uncertainty relative error (see § 4.3).
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Figure A.56 Relative error (5ff) (Ex) (otherwise as described in fig A.50).
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v |t p-H fo(0) o (Gax) | f+ (Gax)
Ref | 83.945 | 49 | 1.71317 | 0.219195 | 0.6533(76) | 0.997(11) | 1.550(20)
a | 87.927 | 49 | 1.79443 | 0.166035 | 0.6539(76) | 0.998(11) | 1.550(27)
b | 84.677 | 49 | 1.72812 | 0.208566 | 0.6545(74) | 0.997(11) | 1.537(20)
¢ | 84.533 | 49 | 1.72518 | 0.210622 | 0.6529(75) | 0.996(11) | 1.540(20)
d |83.972 |49 | 1.71372 | 0.218795 | 0.6549(74) | 0.997(11) | 1.546(20)
e | 83.425 | 49 | 1.70257 | 0.226971 | 0.6521(77) | 0.995(11) | 1.548(21)
f 180.917 | 49 | 1.65138 | 0.267294 | 0.6527(77) | 1.003(11) | 1.565(21)
g | 69.686 | 39 | 1.78683 | 0.105592 | 0.6506(77) | 0.996(11) | 1.539(25)
h | 64.426 | 40 | 1.61066 | 0.329268 | 0.6435(98) | 0.989(15) | 1.544(24)
i | 74.826 | 40 | 1.87066 | 0.079173 | 0.6562(84) | 0.998(12) | 1.557(28)
] 75.815 | 40 | 1.89538 | 0.0715868 | 0.6535(78) | 0.992(11) | 1.540(23)
k | 55.512 | 40 | 1.38782 | 0.411936 | 0.6517(78) | 0.998(11) | 1.558(23)
1 | 75.313 | 40 | 1.88284 | 0.0753529 | 0.6542(79) | 0.999(11) | 1.556(21)
m | 43.092 | 22 | 1.95875 | 0.0350603 | 0.6544(99) | 0.999(14) | 1.576(41)
Table A.10 Fit characteristics for alternate fits: test statistic t2; degrees of

freedom v; test statistic per degree of freedom t2; Hotelling p-value
p-H; fo (0) = f+ (0); fo (Bas); and [+ (¢2as) — e form factors
at qo and q2,,,. The test statistic is above the o = 0.05 significance
level in all cases except (g) which is marginal due to the greatly
reduced degrees of freedom in the fit excluding all coarse data points.
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Figure A.57 FError budget for form factor fo. Vertical scale shows relative error
(%) for total (grey shading), statistical (blue) and systematic (red)
errors as a function of final-state kaon energy Ex (horizontal azis,
GeV). q2,.. and qo are indicated by the dashed and dotted vertical
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Figure A.58 FError budget for form factor fi (otherwise as described in
fig A.57).

A.7 D, fit stability tables, ensemble F1M

Tables A.11 and A.12 show the stability of the D, fits on ensemble F1M over a
range of fit start and stop times. Each fit is a simultaneous, 2-state fit to both

the point- and wall-source correlation functions, both with point-sinks and using
a cosh model (2.86).

Both tables contain the same columns:

e Fit — Fit ranges for the point- and wall-source correlation functions (both

point-sink) respectively.

194



e EO, E1 - Ground and 1st excited-state energies respectively.

e g5P0, g5P1, gbW - overlap coefficients Apgy, Api, Awo and Aw;

respectively.

o \?/dof — test statistic t? (2.45).

e pvalue - p-value when using the y? distribution.

e pvalueH — p-value when using the Hotelling distribution.

In Table A.11 the start and stop times are varied for the fit to the point-source

correlation function, while holding the fit times to the wall-source correlation

function constant at [13,29].

Fit EO El g5bP0 g5P1 g5Wo gbW1 X2 dof pvalue pvalueH
[11-27], [13-29] 0.72837(26) 1.028(11) 45.96(16) 75.8(3.8) 53466(300) -40287(4700) 1.40 0.0778 0.65
[11-28], [13-29] 0.72836(26) 1.026(11) 45.98(16) 75.3(3.7) 53467(290) -40247(4700) 1.38 0.0819 0.69
[11-29], [13-29] 0.72826(25) 1.024(10) 45.88(14) 74.6(3.6) 53605(290) -39014(4600) 1.44 0.0549 0.67
[12-27], [13-29] 0.72850(26) 1.004(15) 45.90(16) 65.8(5.3) 53765(340) -38116(4400) 1.24 0.1794 0.74
[12-28], [13-29] 0.72849(26) 1.002(15) 45.93(16) 65.4(5.2) 53769(340) -38148(4400) 1.23 0.1871 0.77
[12-29], [13-29] 0.72841(26) 0.999(15) 45.84(15) 64.5(5.0) 53907(330) -37117(4300) 1.27 0.1502 0.77
[13-27], [13-29] 0.72886(29) 0.980(14) 46.05(17) 55.3(4.5) 54241(360) -41579(4600) 0.81 0.734 0.96
[13-28], [13-29] 0.72885(29) 0.979(14) 46.07(17) 55.1(4.4) 54244(350) -41651(4500) 0.81 0.738 0.97
[13-29], [13-29] 0.72870(28) 0.978(14) 45.93(16) 55.4(4.5) 54377(360) -39808(4400) 0.96 0.529 0.93
[14-27], [13-29] 0.72886(29) 0.974(17) 46.06(17) 53.0(5.6) 54244(360) -40795(4700) 0.83 0.709 0.95
[14-28], [13-29] 0.72885(29) 0.975(17) 46.08(17) 53.4(5.7) 54246(350) -41094(4700) 0.84 0.702 0.95
[14-29], [13-29] 0.72871(28) 0.969(16) 45.96(16) 52.1(5.3) 54366(360) -38947(4400) 0.95 0.531 0.92

Table A.11 Stability of the Dy fit at zero momentum on the F1M ensemble over
a range of fit start and stop times for the point-source correlation
function while keeping the wall-source correlation function fit times
constant. Columns are described in the text above this figure.

In Table A.12 the start and stop times are varied for the fit to the wall-source

correlation function, while holding the fit times to the point-source correlation

function constant at [13, 28].
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Fit EO E1l gbP0 g5P1 g5Wo gbW1 X2 dof pvalue pvalueH
[13-28], [11-28] 0.72823(27) 0.978(14) 45.71(16) 58.2(4.8) 53903(350) -30131(2500) 1.12 0.305 0.85
[13-28], [11-29] | 0.72837(26) | 0.976(15) | 45.79(16) | 57.4(4.7) | 53921(360) | -30424(2500) 1.27 0.1518 0.77
[13-28], [11-30] | 0.72834(26) | 0.974(14) | 45.78(16) | 56.6(4.6) | 53963(370) | -30357(2400) 1.46 0.0497 0.66
[13-28], [12-28] | 0.72834(28) | 0.980(15) | 45.77(16) | 58.1(4.8) | 53982(350) | -32400(3400) 1.12 0.301 0.83
[13-28], [12-29] 0.72850(27) 0.979(15) 45.86(16) 57.4(4.8) 54028(360) -33513(3400) 1.25 0.1739 0.76
[13-28], [12-30] | 0.72853(27) | 0.978(14) | 45.88(16) | 56.7(4.6) | 54106(370) | -34722(3300) 1.37 0.0888 0.70
[13-28], [13-28] | 0.72871(30) | 0.980(14) | 45.99(17) | 55.7(4.5) | 54196(350) | -40076(4500) 0.77 0.790 0.97
[13-28], [13-29] | 0.72885(29) | 0.979(14) | 46.07(17) | 55.1(4.4) | 54244(350) | -41651(4500) 0.81 0.738 0.97
[13-28], [13-30] 0.72886(29) 0.978(14) 46.09(17) 54.4(4.4) 54318(360) -42789(4500) 0.99 0.480 0.91
[13-28], [14-28] | 0.72866(32) | 0.973(17) | 45.96(18) | 54.0(5.2) | 54185(350) | -37002(6600) 0.79 0.764 0.96
[13-28], [14-29] 0.72883(29) 0.975(18) 46.06(17) 54.1(5.3) 54240(350) -39893(6800) 0.84 0.696 0.95
[13-28], [14-30] | 0.72886(29) | 0.978(17) | 46.09(17) | 54.5(5.3) | 54318(360) | -42844(6800) 1.03 0.426 0.88
[13-28], [15-28] 0.72868(31) 0.990(24) 46.06(20) 58.9(7.5) 54171(350) -48229(13000) 0.73 0.826 0.97
[13-28], [15-29] 0.72887(29) 0.988(24) 46.14(19) 57.4(7.3) 54238(350) -48323(12000) 0.83 0.705 0.95
[13-28], [15-30] | 0.72890(29) | 0.991(23) | 46.17(19) | 58.0(7.3) | 54313(350) | -52005(13000) 1.02 0.435 0.87
[13-28], [16-28] 0.72880(33) 1.004(28) 46.15(21) 63.0(9.5) 54226(340) -60269(20000) 0.71 0.84 0.97
[13-28], [16-29] | 0.72899(31) | 1.002(28) | 46.23(20) | 61.7(9.1) | 54294(340) | -61000(20000) 0.81 0.724 0.94
[13-28], [16-30] 0.72898(31) 1.000(27) 46.22(20) 60.6(8.7) 54351(350) -60031(19000) 1.04 0.406 0.84

Table A.12 Stability of the Dy fit at zero momentum on the F1M ensemble over
a range of fit start and stop times for the wall-source correlation
function while keeping the point-source correlation function fit times
constant. Columns are described in the text above fig A.11.

A.8 Lattice dispersion relation

This section summarises an exploratory study which was performed to test
whether the lattice dispersion relation was a suitable model for the ground- and

first excited-state energies extracted from 2-state kaon fits on each ensemble at

each of the momenta covered in this thesis.

The method used for this study is:

1. Fit the kaon 2-point correlation function data separately for each mo-

mentum on each ensemble.

2. Each fit is a simultaneous fit of the kaon point- and wall-source two point

correlation function data (each with a point-sink).

3. Each fit is repeated multiple times, varying the fit start and stop times in

small increments.

4. Fits which do not have an acceptable Hotelling p-value are rejected.
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As a result, an ensemble of ground-state energies (masses) aFy and first excited-

state energies aF; for the kaon at each momentum on each ensemble are obtained.

Please note:

e This exploratory study was performed before the final fit ranges were chosen

for the main body of this thesis.

e Data from these fits do not enter the analysis in the main body of this

thesis.

Next, the ensemble of results according to this procedure are plotted:

1. Two plots are produced per ensemble:

(a) One plot for the ground-state energies (masses) aFy.
(b) A separate plot for the first excited-state energies aF;.

2

2. All fits for the same integer lattice momentum n* are grouped together.

3. Within each n?:

(a) Fits are ordered by decreasing p-value left to right.
(b) Results are spaced equally.
(c) Le. for each n? there are multiple fit results, all of which are valid.

4. Each fit is colour coded by the initial fit time t; for the point-source

correlation function:
e The two plots for each ensemble share the same legend — data points
for the same ¢; share the same colour across each of the two plots.
e In some cases, the legend contains rows with no corresponding data

points shown.

5. Each fit is labelled (immediately above each data point) with three numbers

separated by underscores:

(a) The final fit time for the point data t;p.
(b) The initial fit time for the wall data ¢; w.

(c) The final fit time for the wall data tyw.
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6. One of the n? = 0 data points is chosen as a reference fit for each ensemble.

e The fitted energy for n?> = 0 and the reference fit ¢; are shown, and

labelled inside the bottom right edge of each figure.

7. The reference energy boosted to each momentum using the lattice dispersion

relation is shown in pink.
e Central value only (no error bars).

8. Similarly, the grey dashed line plots the reference energy boosted to each

momentum using the continuum dispersion relation.

A.8.1 Results

Results are presented for each ensemble in sections A.8.3 to A.8.8 which follow,

and are qualitatively similar across all ensembles:

1. For the ground-state energies (masses):

e Figures A.59, A.61, A.63, A.65, A.67 and A.69.
e The dispersion relation is compatible with a wide range of fits.

e [.e. most of the fits at most momenta.
2. For the first excited-state energies:

e Figures A.60, A.62, A.64, A.66, A.68 and A.70.
e The dispersion relation is compatible with a wide range of fits.
e Though fewer than for the ground state energies.

e [.c. we see evidence of excited-state contamination in the excited state

energies — which is what we would expect from a two-state fit.

Kaon energies extracted from separate fits at each momenta on each ensemble
are compatible with the lattice dispersion relation, albeit with some error in the

excited-state energies.
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A.8.2 Conclusion

Based on the results presented in § A.8.1, we conclude that it would be reasonable
to use the lattice dispersion relation in a simultaneous fit of kaon data across
multiple momenta, especially where (as outlined in § 3.2.1) the higher momenta

kaon data are difficult to fit independently.

Enforcing the use of the lattice dispersion relation in the kaon fits introduces
lattice artefacts into the analysis. However, the global fit includes terms which
quantify discretisation effects such as these, so taking the chiral continuum limit

still gives the correct result.

A.8.3 Kaon fits — lattice dispersion ensemble F1M
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Figure A.59 Ground state kaon energies (masses) extracted from simultaneous
fits to point- and wall-source correlation functions at each integer
lattice momentum n? for a range of fit times on ensemble F1M.
Lattice and continuum dispersion relations plotted per § A.8.
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Figure A.60 First excited-state kaon energies extracted from simultaneous fits

to point- and wall-source correlation functions at each integer
lattice momentum n? for a range of fit times on ensemble F1M.
Lattice and continuum dispersion relations plotted per § A.8.
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A.8.4 Kaon fits — lattice dispersion ensemble M1
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Figure A.61 Ground state kaon energies (masses) extracted from simultaneous
fits to point- and wall-source correlation functions at each integer

lattice momentum n® for a range of fit times on ensemble MI.

Lattice and continuum dispersion relations plotted per § A.8.
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Figure A.62 First excited-state kaon energies extracted from simultaneous fits
to point- and wall-source correlation functions at each integer
lattice momentum n® for a range of fit times on ensemble MI.
Lattice and continuum dispersion relations plotted per § A.8.
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A.8.5 Kaon
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Figure A.63 Ground state kaon energies (masses) extracted from simultaneous
fits to point- and wall-source correlation functions at each integer

lattice momentum n? for a range of fit times on ensemble M2.
Lattice and continuum dispersion relations plotted per § A.8.
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Figure A.64 First excited-state kaon energies extracted from simultaneous fits
to point- and wall-source correlation functions at each integer
lattice momentum n® for a range of fit times on ensemble M2.
Lattice and continuum dispersion relations plotted per § A.8.
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A.8.6 Kaon fits — lattice dispersion ensemble M3
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Figure A.65 Ground state kaon energies (masses) extracted from simultaneous
fits to point- and wall-source correlation functions at each integer
lattice momentum n? for a range of fit times on ensemble M3.
Lattice and continuum dispersion relations plotted per § A.8.
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Figure A.66

First excited-state kaon energies extracted from simultaneous fits

to point- and wall-source correlation functions at each integer
lattice momentum n® for a range of fit times on ensemble M3.
Lattice and continuum dispersion relations plotted per § A.8.
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A.8.7 Kaon fits — lattice dispersion ensemble C1
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Figure A.67 Ground state kaon energies (masses) extracted from simultaneous
fits to point- and wall-source correlation functions at each integer
lattice momentum n? for a range of fit times on ensemble C1.
Lattice and continuum dispersion relations plotted per § A.8.
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Figure A.68 First excited-state kaon energies extracted from simultaneous fits
to point- and wall-source correlation functions at each integer
lattice momentum n? for a range of fit times on ensemble C1.
Lattice and continuum dispersion relations plotted per § A.8.
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A.8.8 Kaon fits — lattice dispersion ensemble C2
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Figure A.69 Ground state kaon energies (masses) extracted from simultaneous
fits to point- and wall-source correlation functions at each integer
lattice momentum n? for a range of fit times on ensemble C2.
Lattice and continuum dispersion relations plotted per § A.8.
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Figure A.70 First excited-state kaon energies extracted from simultaneous fits
to point- and wall-source correlation functions at each integer
lattice momentum n? for a range of fit times on ensemble C2.
Lattice and continuum dispersion relations plotted per § A.8.
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A.9 Alternate renormalisation

The value extracted for Zyp, on the M2 ensemble, 1.0211(82), is not compatible
with Zy, extracted from the other medium ensembles, 0.9964(80) and 1.0022(96)
for M1 and M3 respectively.

Table A.13 presents the alternative of extracting Zy, from (2.95) using a light
spectator (instead of strange) and a wall separation AT /a = 20 (instead of 24).
Comparing the rightmost column in table A.13 with corresponding rows from the
same column in table A.13, shows ~ 1o difference between Zy mixed = \/m
for M1, with closer agreement for M2 and Ma3.

We conclude that at the level of statistics in this study, we cannot eliminate this
tension. Instead we quantify the effect of making this alternative renormalisation

choice, including this as fit alternative (m) in the fit systematics analysis in § 4.3.

heavy light mixed
Name | aFy [Ds] p-value | Zy aEy [K] p-value | Zy YAV
M1 0.82568(57) 0.71 0.9964(80) | 0.22449(85) 0.63 0.7412(51) | 0.8532(76)
M2 | 0.82567(68) 0.078 | 1.0211(82) | 0.23064(55) 0.82 | 0.7549(60) | 0.8809(80)
M3 | 0.82554(62) 1.00 1.0022(96) | 0.23852(68) 0.348 | 0.7414(57) | 0.8636(79)
Table A.13 Alternative mostly non-perturbative renormalisation results for
medium ensembles. The heavy action is extracted using a light
spectator and a wall separation AT /a = 20. This is a repeat of
table 4.7 (and is described there) for comparison with table A.1/.
heavy light mixed
Name | aFEy [Ds] p-value | Zy aFy [K] p-value | Zy VAT
C1 1.10403(61) 0.623 1.037(13) 0.30620(47) 0.411 0.7113(58) | 0.8590(74)
C2 | 1.10465(74) 0.429 | 1.036(14) | 0.32522(57) 0.062 | 0.7319(59) | 0.8709(82)
M1 | 0.82568(57) 0.71 0.9964(80) | 0.22449(85) 0.63 | 0.7412(51) | 0.8594(51)
M2 | 0.82567(68) 0.078 | 1.0211(82) | 0.23064(55) 0.82 | 0.7549(60) | 0.8780(58)
M3 0.82554(62) 1.00 1.0022(96) | 0.23852(68) 0.348 0.7414(57) | 0.8620(62)
FIM | 0.72911(21) 0.59 0.9932(42) | 0.19084(22) 0.78 0.7639(42) | 0.8711(34)

Table A.14 Reference mostly non-perturbative renormalisation results for all
This is a repeat of table 2.12 (and is described there)
for comparison with table A.13.

ensembles.
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The alternative fits used to extract Zyn, on ensembles M1, M2 and M3 are shown
in figures A.71, A.72 and A.73 respectively.
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Figure A.71 Ensemble M1, heavy action, (2.95) Zy pp = 0.9964(80) from decay
of heavy quark with strange spectator, wall separation AT /a =

24.
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Figure A.72 FEnsemble M2, heavy action, (2.95) Zy p, = 1.0211(82) from decay
of heavy quark with strange spectator, wall separation AT /a =

2.
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Figure A.73 Ensemble M3, heavy action, (2.95) Zy pp = 1.0022(96) from decay
of heavy quark with strange spectator, wall separation AT /a =

2.
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